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@ Hybrid Systems

e Differential Dynamic Logic
@ Syntax
@ Semantics
@ Axiomatization

e Continuous Completeness
@ Schematic Completeness
@ Expressibility and Rendition of Hybrid Programs

o Discrete Completeness

@ Open Discrete Completeness
Closed Discrete Completeness
Semialgebraic Discrete Completeness of dL +A
Discrete Completeness of dL +A
Equi-expressible
@ Relative Decidable
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Hybrid Systems: e.g., Car Control

Fixed rule describing state
evolution with both

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
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Hybrid Systems: e.g., Car Control

Challenge (Hybrid Systems)

Fixed rule describing state
evolution with both

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
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Proof theory: continuous = hybrid = discrete
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e Differential Dynamic Logic
@ Syntax
@ Semantics
@ Axiomatization
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Hybrid Systems Analysis

Concept (Differential Dynamic Logic) (JAR08,LICS’'12)
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Differential Dynamic Logic dL

Definition (Hybrid program)
a,f = x=e|?7Q| X =f(x)&Q|auUB | ;B | a*

Definition (Differential dynamic logic)
P.Q:=e>e|-P|PANQ|PVQ|P—Q|YxP|3IxP|[a]P|(a)P

o-span

loa]p _~ P
o
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Differential Dynamic Logic dL

Definition (Hybrid program)
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P
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program semantics) (['] : HP — (.7 x 7))

[x:=¢€] = {(w,v) : v=oexcept v[x] = o[e]}
[7Q] = {(0,0) : o Q}
¥ =f(x)] = {(¢(0),9(r)) : ¢ E x' = f(x) for some duration r}
[oeuB] = [e] UIB]
[ B] = [e] < [B]

[e] = |[oc]]* =Upen [@"] compositional semantics

Definition (dL semantics) ([-]: Fml — @o(2))

[e>8] = {0 : ofe] > wle]}

[-P] = [P’
[Prq] = [PIN[A]
[a)P] = [a]o[P] ={w : v Pforsomev: (o,v) < [a]}
l[@]P] = [-()=P] ={®w : vI=Pforal v: (w,v)ec]a]}
[BxP] = {o : o} € [P] for some r € R}
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Differential Dynamic Logic dL: Axiomatization

[]

[x:=e]P(x) <> P(e) equations of truth

[7QIP <~ (Q— P)

[X' = f(x)]P <> VE>0[x := y(1)]P (1) =1f(y)
[@UB]P < [a] PA[B]P

[o; B]P < [a][B]P

[a*]P + PA[a][a*]P

[@](P— Q) = ([¢]P — [«]Q)
laws of physics

[a*]P < PA[a*](P — [a]P)

[a*]Yv>0(P(v) = () P(v—1)) = Vv (P(v) — (a*)Iv<0P(Vv))

LICS'12,JAR17
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Differential Dynamic Logic dL: Axiomatization
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Differential Dynamic Logic dL: Axiomatization

P
[P
P
VxP
P—Q P
Q
B ¥x[a]P— [a]VxP (x ¢ o)

MP

V. op=lalp  (FV(p)nBV(a)=0)

rules of truth

laws of logic of
laws of physics

LICS'12,JAR17
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Differential Dynamic Logic dL: Axiomatization t' =1
[x' =f(x)&Q]P
YRS X' =f(x)](P)

[&]

X
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Differential Dynamic Logic dL: Axiomatization
[x' =f(x)&Q]P
YRS X' =f(x)](P)

[&]
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Differential Dynamic Logic dL: Axiomatization
[x' =f(x)&Q]P
— X' =f(x)]([x = —f(x)](Q) — P)

[&]

X

revert flow,
check Q backwards
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Differential Dynamic Logic dL: Axiomatization
[x' =f(x)&Q]P
[&] = Vio=tlx" = f(x)]([x" = —f(x)](t > to — Q) = P)

X

revert flow, time t;
check Q backwards
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“There and Back Again” Axiom of dL

[x' =f(x)&Q]P
[&] + Vio=tlx" = f(x)]([x' = —f(x)](t > to = Q) = P)

X

revert flow, time t;
check Q backwards

th=t r

Evolution domain axiomatizable I
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9 Continuous Completeness
@ Schematic Completeness
@ Expressibility and Rendition of Hybrid Programs
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Continuous Completeness

Theorem (Relative Completeness / Continuous) (JAR’08,LICS’12)

dL calculus is a sound & complete axiomatization of hybrid systems relative
to differential equations: E ¢ iff Tautrop - @

Corollary (Complete Proof-theoretical Alignment)

proving: continuous = hybrid

Corollary (Compositionality)
hybrid systems can be verified by recursive decomposition

FOD = FOL+[x =f(x)]F

André Platzer (KIT || CMU) 9/39
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Discrete Completeness
Theorem (Relative Completeness / Continuous) (JAR’08,LICS’12)

dL calculus is a sound & complete axiomatization of hybrid systems relative

to differential equations: E ¢ iff Tautrop - @
Theorem (Relative Completeness / Discrete) (LICS’12)
dL calculus is a sound & complete axiomatization of hybrid systems relative

to discrete dynamics: F ¢ iff Tautp. - ¢@

Corollary (Complete Proof-theoretical Alignment)

proving: continuous = hybrid = discrete

Corollary (Interdisciplinary Integrability)
“Discrete mathematics + continuous mathematics are integrable”

André Platzer (KIT || CMU) 10/39
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Schematic Completeness

Theorem (Relative Completeness / Continuous) (JAR08,LICS’'12)
dL calculus is a sound & complete axiomatization of hybrid systems relative

to differential equations: E ¢ iff Tautrop - @
Theorem (Relative Completeness / Discrete) (LICS’12)
dL calculus is a sound & complete axiomatization of hybrid systems relative

to discrete dynamics: F ¢ iff Tautp. - ¢@

Theorem (Schematic Completeness) (JAR’17)

dL calculus is a sound & complete axiomatization of hybrid systems relative
to any (differentially) expressive logic L: E @ iff Taut, - ¢

Differentially expressive

Voecdldp" e L@ @ and Yo e LI (X' = f(x))p < (X' = f(x)) @)
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Proof of “continuous = hybrid = discrete”

André Platzer (KIT || CMU)



Schematic Completeness Proof

Proof Sketch (¢ in NNF, induction on well-founded <) (JAR’17).
Q ¢ first-order formula = ¢ € Lsob, ¢ if E ¢ (Also for —¢1 by NNF)
Q@ 9=01Ag = F¢randF g = by ¢rand -y G2 = b 61 A ¢,

Q ¢ =3Ixdo, Vx o, ()¢ or [X] 9o covered in next case with ¢ = false.
Q ¢ = ¢1V (&) @2 is (by associativity and commutativity to reorder):

O1V()d2 @1V IxP
o1V [alga @1V VX

Then, ¢> < ¢ and ¢1 < ¢ as less HP/quantifier. Let F = —¢1 and G= ¢»
then E F — (&) G. Show -, F — (a] G, which derives k-, ¢1 V (o] ¢2.

o ¢ iff Taut, = ¢
< is lexicographic order of HP, formula, with L at the bottom

André Platzer (KIT || CMU) 13/39
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Schematic Completeness Proof

Proof Sketch (¢ in NNF, induction on well-founded <) (JAR’17).

Q (o) =Vx withE F — Vx G, wlog x ¢ F by bound variable renaming.

Hence, F F — G = -, F — Gas (F — G) < (F — VxG) less V.
F—G

Y Vx(F = G)
""VYxF - VxG
W F 5 vxG
Q (o) =3x withE F > IxG. Have F @ < G = F F— 3x (@) =
FLF—3x(G@)as (F— 3x(G)) < (F—3xG)as G € L. Also
|=GM—>G;»|=G'>—>G£th—>GsCi£ce(Gb—>G)<¢asGbeL.

— G
" Vx(@ = G)
F—3x(&@) "7 3x(@)— 3IxG
MP F—3xG 5
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Schematic Completeness Proof

Proof Sketch (¢ in NNF, induction on well-founded <) (JAR’17).
Q FF— (X' =1(x))Gimplies F F — ((x' = f(x))@) &
FLF— (X = f(x))@) as ((x' = f(x)) @)’ € Lis smaller.
Fo (X' =f(x))@ « ((xX' = f(x))G)" as L differentially expressive.
ByIHF G — Gas G’ € L. So bk, (X' = f(x))G — (x' = f(x))G by M.
Thus k-, F — (x = f(x)) G propositionally.

@ = F—[2Q|GimpliesF F — (Q— G) = . F — (Q — G) since
(Q— G)<[?Q]|G. Thust, F = [?Q]G as [?Q]G + (Q— G) by [7].

Q FF—[BUY]GimpliesE F — [BIGA[Y]G & k. F — [B]GA[Y]G as
[BIGA[Y]G < [BUY]G has smaller HP. Thus -, F — [BU7Y]G by [U].

Q £ F— [B:Y]Gimplies £ F — [B][IG = I-. F — [B][YGas
[Bl[71G < [B; 7]G has smaller HP. Thus -, F — [B;v]G by [;].
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Schematic Completeness Proof

Proof Sketch (¢ in NNF, induction on well-founded <) (JAR’17).
@ F F — [y:=6]G. Rename bound variable to fresh variable x
where Gf is the result of uniformly renaming y to x in G:

F —Vx(x=60— GY)
[=-F S x:=0]G%
BR £

F —[y:=0]G

using the derivable equational form of the assignment axiom [:=]
[=]= [x:=flP<V¥x(x=f—P)
Only used equivalences, so premise valid iff conclusion valid.

FF—oVx(x=0-G%) & - F—Vx(x=6— G%)as
(F=>Vx(x=6— GfS) =< (F — [y := 6] G) has less modalities.

André Platzer (KIT || CMU) 13/39
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Schematic Completeness Proof

Proof Sketch (¢ in NNF, induction on well-founded <) (JAR’17).
@ F F— [B*]G. Formula [f*]G is loop invariant as = [B*]G — [B][B*]G.
J=([B*]G)’ equivalent loop invariant in simpler L
ThenE F - JandEJ— G g , F— Jand ;. J— Gsince

(F=J)<¢and (J— G) < ¢ asJ e Lissmaller.

Moreover F J — [B]J A oo [B]J since B has less loops than *.

J —[B]J J—G
U M [EIG
F—g W J—[B*]G

"FolBIe
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Schematic Completeness Proof

Proof Sketch (¢ in NNF, induction on well-founded <) (JAR’17).

@ FF— (B*)G. Let x =FV({B*)G). Since (f*)G is a least pre-fixpoint:
Fvx(GV (B)p(x) = p(x)) = ((B")G — p(x))
AskE F— (B*)Galso F Vx(GV (B)p(x) — p(x)) = (F — p(x)) X
FLVX(GV (B)p(x) = p(x)) — (F — p(x)) as

(Vx(GV (B)p(x) = p(x)) = (F = p(x))) < 9. o ={p(x) — (B*)G}
admissible since FV(c) =0 as x = FV({f*)G) and since p is fresh:

Vx(GV (B)p(x) — p(x)) = (F = p(x)) "M Gv(B)(B*)G—(B*)G
USyx(GV(B)(B")G—(B")G)—(F—(B")G) * Vx(GV(B)(B*)G—(B*)G)
F—{B")G

Note: could also use modified ((8*)G)” with convergence rule con.

MP

André Platzer (KIT || CMU) 13/39
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Continuous Completeness

Theorem (Relative Completeness / Continuous) (JAR’08,LICS’12)

dL calculus is a sound & complete axiomatization of hybrid systems relative
to differential equations: E ¢ iff Tautrop - @
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Continuous Completeness

Theorem (Relative Completeness / Continuous) (JAR08,LICS’'12)

dL calculus is a sound & complete axiomatization of hybrid systems relative
to differential equations: E ¢ iff Tautrop - @

Theorem (Schematic Completeness) (JAR’17)
dL calculus is a sound & complete axiomatization of hybrid systems relative
to any (differentially) expressive logic L: E @ iff Taut, - ¢

Differentially expressive

Voecdldp" e L@ @ and Yo e L, (X' = f(x))p < (X' = f(x))9)
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Continuous Completeness Proof
Lemma (dL Expressibility in FOD)

YpedL Fp’cFOD F ¢ « ¢ and YcFOD F; (X' = f(x))@ + ((xX' = f(x))p)’

Proof Sketch.
@ Strong enough invariants and variants expressible in dL!
@ dL expressible in FOD?
© Finite FOD formula characterizing unbounded hybrid repetition.

© FOD characterizes R-Godel encoding (pairing/unpairing on R).
© FOD characterizes HP transitions.

© FOD expresses dL formulas. |

FOD = FOLg + [x' = f(x)]F

André Platzer (KIT || CMU) 15/39
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Continuous Completeness Proof

FOD = FOLg + [x' = f(x)]F

Proof Sketch (R-Gddel encoding).

FOD characterizes constructive bijection R — R?
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Continuous Completeness Proof

FOD = FOLg + [x' = f(x)]F

Proof Sketch (R-Gddel encoding).

FOD characterizes constructive bijection R — R? not differentiable, Morayne!
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Continuous Completeness Proof

FOD = FOLg + [x' = f(x)]F
Proof Sketch (R-Gddel encoding).

FOD characterizes constructive bijection R — R?

oo

Zﬂ=%&@

Lo . N N b

=0 Z ( 2/1_1 +—211> = aobo.a1b1a2b2...
— bj iz \2 2

Y 5 = bobibe...
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Continuous Completeness Proof

FOD = FOLg + [x' = f(x)]F

Proof Sketch (R-Gddel encoding).

FOD characterizes constructive bijection R — R?

22—:-=ao.a1ag... - b

=0 a; ,

Ioo b > 2(22,_1_1+2—211> :aobo.a1b1a2b2...
i =0

Y o =bo.bibs... —
2 »=zis jth R of nreals Z

at(Z,n,j,z) <17 digit(z,i) = digit(Z,n(i—1) +j)An>0An,j €N
digit(a,i) = intpart(2frac(2'~'a))
intpart(a) = a—frac(a)

fracla) =z« Ji:Zz=a—iN-1<zANz<1ANaz>0 ‘“keepsign” [

André Platzer (KIT || CMU) 16/39
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Continuous Completeness Proof

FOD = FOLg + [x' = f(x)]F

Proof Sketch (R-Gddel encoding).

FOD characterizes constructive bijection R — R?

Z—I = dp.a1az - b

i=0 a;

Iw b 2(22,%1+21> agbo.aibrazbs ..
) =

Y. 5 = bo-bibe ’

at(Z,n,j,z) < Vi:Z digit(z,i) = digit(Z,n(i—1) +j)An>0An,j €N
digit(a,i) = intpart(2frac(2’ 'a))
intpart(a) = a—frac(a)

fracla) =z« Ji:Zz=a—iN-1<zANz<1ANaz>0 ‘“keepsign” [
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Continuous Completeness Proof

FOD = FOLg + [x' = f(x)]F

Proof Sketch (R-Gddel encoding).

FOD characterizes constructive bijection R — R?

oo

2l dp-a1 @
A do-diaz.
2’ = a, bl
b Z 22i—1 +E :aobo.31b1agb2...
i=0
Zé—mmm :

i=0

2=z i>0A(x:=1;t:=0;x =xIn2,f =1)(t=iAx=2)
Vi<OA(x:=1;t:=0;x' = —xIn2,t/ = —1)(t=iAx=2)
In2=z+ (x:=1;t:=0;x' =x,t =1)(x=2At=2)
syntactic abbreviation without recursion O
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Continuous Completeness Proof
Lemma (dL Expressibility in FOD)

YpedL Fp°cFOD k @ < @ and YeFOD F; (X' = f(x))o < ((x' = f(x)) )’

Proof Sketch.
@ Strong enough invariants and variants expressible in dL!
@ dL expressible in FOD?
© Finite FOD formula characterizing unbounded hybrid repetition.

© FOD characterizes R-Godel encoding (pairing/unpairing on R).
@ FOD characterizes HP transitions.
© FOD expresses dL formulas. O

FOD = FOLg + [x' = f(x)]F

André Platzer (KIT || CMU) 17/39
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Continuous Completeness Proof
Lemma (dL Expressibility in FOD)
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Program Rendition in FOD

Lemma (Program rendition)

YoeHP with variables among x = x, ..., Xk 1% (x, v)EFOD with variables
among distinct x = x1,...,Xc and v.=vy,..., Vg: F Za(x,v) < (a)x=v

Proof Sketch (by induction on «).
S (X, V) = vi = O A N j2i(v; = X))

Fp.y(x,v) =3z(Fp(x,2) NFy(2,v))

S+ (x,v) = 3ZIN(Z=xNZ " =vAViN(1<i<n—.75(Z", Z) )))J
O

F—e(x,v) = (X' =0)v=x
F=pgalx,v) =3t(t=0A(x'=0,{'=1)(v=x A [x'=—0,t'=—1](t>0—-Q)))
Fa(x,v)=v=xAQ
FBuy(X,v) = Lp(x,v) V. (X, V)
)
)

André Platzer (KIT || CMU) 18/39
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Program Rendition in FOD

Lemma (Program rendition)

YoeHP with variables among x = x, ..., Xk 1% (x, v)EFOD with variables
among distinct x = x1,...,Xc and v.=vy,..., Vg: F Za(x,v) < (a)x=v

Proof Sketch (by induction on «).
S (X, V) = vi =0 AN j2i(v; = x;)
F—e(x,v) = (X' =0)v=x

F=pgalx,v) =3t(t=0A(x'=0,t'=1)(v=x A [x'=—0,t'=—1](t>0—-Q)))

Fa(x,v)=v=xAQ

FBuy(X,v) = Lp(x,v) V. (X, V)

)
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Program Rendition in FOD

Lemma (Program rendition)

YoeHP with variables among x = x, ..., Xk 1% (x, v)EFOD with variables
among distinct x = x1,...,Xc and v.=vy,..., Vg: F Za(x,v) < (a)x=v

Proof Sketch (by induction on «).
F=o2a(X,v) =I(t=0A (x'=0,1'=1)(v=x A [xX'=—6, =—1](t>0—Q)))
= t3r(t=0A (x'=6,'=1)(v=xAr=t)A
VxVt(x =vAt=r— [X'=—0,{=—1](>0—Q)))

revert flow and time
check Q backwards

0 r O
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Expressibility
Lemma (dL Expressibility in FOD)

YpedL Fp’cFOD kE ¢ + ¢°

Proof (by induction on ¢).

@ o first-order, then (pb := @ already is a FOD-formula.

Q@ ¢0=0¢Vy 2 have ¢,y such that F ¢ <> ¢” and E v <> y”. By
congruence k= (¢ V W) < (¢° V y°) giving E ¢ < ¢ for " = ¢" v y”.

© Likewise for propositional connectives or quantifiers.

Q o= (a)yusesk (a)y < Iv(Lu(x,v)Ay'Y)

Q ¢ =[a]y uses F [a]y < Vv (Fu(x,v) = y’¥) 0
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@ Discrete Completeness

@ Open Discrete Completeness

@ Closed Discrete Completeness

@ Semialgebraic Discrete Completeness of dL +A
@ Discrete Completeness of dL +A
@ Equi-expressible
@ Relative Decidable
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Discrete Completeness
Theorem (Relative Completeness / Continuous) (JAR’08,LICS’12)

dL calculus is a sound & complete axiomatization of hybrid systems relative

to differential equations: E ¢ iff Tautrop - @
Theorem (Relative Completeness / Discrete) (LICS’12)
dL calculus is a sound & complete axiomatization of hybrid systems relative

to discrete dynamics: F ¢ iff Tautp. - ¢@

Corollary (Complete Proof-theoretical Alignment)

proving: continuous = hybrid = discrete

André Platzer (KIT || CMU) 20/39
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Continuous Dynamics # Discrete Dynamics

fo
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Continuous Dynamics # Discrete Dynamics

W =230F  le=x+hy)F

fo 4
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Continuous Dynamics # Discrete Dynamics
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Continuous Dynamics # Discrete Dynamics

, X X ¥
=2F —x+h2) |F
' =2] [oc=x-+h%) ]
X
h=2
h=4
3.375 +
2.25 T
1.5 +
1 4
f f f t
fo 2 4 6
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Continuous Dynamics # Discrete Dynamics

W =230F  le=x+hy)F

4.76 -

3.81

3.05 -

2.44 -

1.95 1
1.56 -

fo 1 2 3 4 5 6
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Continuous Dynamics # Discrete Dynamics

W =230F  le=x+hy)F
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Continuous Dynamics # Discrete Dynamics

X = %]F vs. [(x:=x+h§)*]F
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Continuous Dynamics # Discrete Dynamics

W =20F % lc=x+hy)F
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Continuous Dynamics # Discrete Dynamics

W =230F £ le=x+hy)F
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Discrete Euler Approximation Axiom A

«— X' =f(x)F
— 3hy>0V0<h<hg[(x:=x+ hf(x))*]F
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Discrete Euler Approximation Axiom A
X [x' = f(x)]F
— Fhy>0V0<h<ho[(x:=x+ hf(x))*]F

Example (Incomplete, not global)

EXC4+y2<tio X =yy =—xx2+y?<1.1 J

y Xy
L—

André Platzer (KIT || CMU)
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Discrete Euler Approximation Axiom A
X [x' = f(x)]F

losed
« The>0v0<h<ho [(x:=x+ hf(x))*]F (closed)
Example (Unsound for open F, only in closure)
Ex=1Ay=0—=[X=y,y =—x](x<0—= x*+y*>1) J
y Xy
/\
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Discrete Euler Approximation Axiom A
5 =10
A < Jhy>0V0<h<hg[(x:=x+ hf(x))*]F (closed)

Example (Incomplete, not global)

EXC4+y2<tio X =yy =—xx2+y?<1.1 J

y Xy
L—
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Discrete Euler Approximation Axiom A
= [X =f(x)]F
— V£>03hy>0V0<h<hg [(x :=x + hf(x))"](t > 0 — F)
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Discrete Euler Approximation Axiom A

= [X =f(x)]F
3 V1203hy>0¥0< h<hg [(x := x + h(x))](t > 0 — F)

Example (Converse of A unsound for open F

closed F by Z)}

Ex=1Ay=0—=[X=y,y =—x](x<0—=x2+y?>1)

- ——

André Platzer (KIT || CMU)
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Discrete Euler Approximation Axiom A

= [X =f(x)]F

Example (Unsound for closed F, only holds in the limit)

s Wt>03hy>0Y0<h<hg [(x 1= x + hf(x))*](t > 0 — F)

EXC+yP=1—=X=y,y =—x]x+y>=1

(open)

Y
L—

André Platzer (KIT || CMU)
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Discrete Euler Approximation Axiom
= X =f(x)]F
< Vt>03e>03hy>0V0<h<ho[(x := x+hf(x)) "] (t=0——%(~F))
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Discrete Euler Approximation Axiom
= X =f(x)]F
< Vt>03e>03hy>0V0<h<ho[(x := x+hf(x)) "] (t=0——%(~F))

Example ()
ExXP+y2<i—= X =y,y =—x]x*+y?<1.1 J
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Discrete Euler Approximation Axiom
= X =f(x)]F
< Vt>03e>03hy>0V0<h<ho[(x := x+hf(x)) "] (t=0——%(~F))

Example (Incomplete for closed F) }

ExX2+y2<t1o X =y,y =—x]x+y*<A
y Xy
/\

André Platzer (KIT || CMU) 24 /39
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Discrete Euler Approximation Axiom
= X =f(x)]F (open)
+ Vt>03e>03hy>0V0<h<ho[(x := x+hf(x)) "] (t=0——%(~F))

Example (Incomplete for closed F) }

ExX2+y2<t1= X =y,y =—x]x+y*<A
y Xy
/\
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Proof: Partial Covering for ,
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60
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Proof: Partial Covering for :

100 |- _
[ domain for error bound

g0  covering of neighborhoods

| has finite subcovering

60 since x([0, t]) compact

40}
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Proof: Partial Covering for :

100 |-
[ domain for error bound

g0  covering of neighborhoods

| has finite subcovering

since x([0, t]) compact

= € neighborhoods safe

60

40}
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Proof: Discrete Euler Approximation Axiom A
A [¥ = f(x)]F « 3he>0Y0<h<ho[(x:=x+ ht(x))']F (closed)

Q@ o E Fhy>0V0<h<hg[(x:=x+hf(x))"|F X" = x at iteration n

@ x € C¥(]0,1]) solves x’ = f(x) and x(0) = . NTS x(t) = F

© f < C' locally Lipschitz iff Lipschitz on compact subsets < loc. compact

@ Fix E > 0. Let L Lipschitz constant of f € C' on compact image
UEZe(x([0,1])) = Ugex(to.q) % £(9) of x([0, 1]) x 7 £(0) under -+

e —
h)—X"|| < h i
[[x(nh) —%7|| < Crg[%ﬁlllx (9

)= x| = I ()Nt < e IAE DN (1-h) < € ()
[1x(8) = X7 < [[x(t) = x(nh) || + [[x(nh) — X"|| < 2¢ (h<1)
© Sequence X" — x(t) as h— 0 and X" = F closed so x(t) = F. O

<e<E for small (h<1)
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Proof: Discrete Euler Approximation Axiom A = —1
X [x' = f(x)]F — Vt>03hy>0V0<h<hg [(x:=x + hf(x))"](t>0—F) (open)
Proof Sketch.
Q o [X=fx)]F X" = x at iteration n
Q x € C?([0,1]) solves x’ = f(x) and x(0) = ®. Compact x([0, {])CF open
Q 0< E <infgexon d(q, |[F]]E) has compact ue % e(x([0,1])) in F.
© Let L Lipschitz constant of f € C' on corr11pact U.
| x(nh) — X" < h Cm[%x ||x”(§)|| <e<E  forsmall (h<1)

, 2L
Ix(t) = x(ah)|| "E" X' (€)[|(t—nh)< max I1(x(E) | (=nh) < & (h<c1)
Ix(£) = 7| < |Ix(t) = x(nh)[| + || x(nh) — X7|| < 2¢ (h<1)

Q o E Ihy>0V0<h<hg[(x:=x+ hf(x))*](t>0—F) for h<1,nh<t
as X" |= F for h<1,nh<t by 4a since t>0 after loop iff nh<t before [
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Proof: Discrete Euler Approximation Axiom
[X' = f(x)]F <> Vt>03e>03hy>0V0<h<ho[(x := x+hf(x))"] (t=0—~%(~F))

Proof Sketch. (open).
Q —~" ok [xX=fx)]F (“” derives from A as ~%(—F) closed)
@ x € C?([0,1]) solves x' = f(x) and x(0) = ®. Compact x([0, {])CF open
Q 0 < E <infaexo) d(q, [[F]]E) has compact v % e(x([0,1])) in F.

Q wEX=1f(x)](t=0->Vz(|z— XU < E — F(2))) by (3)
[[x(nh) = X"|| < i ]

Ix(t) — x(nh) || & |13 (&)l (¢~ nh>< max [[f(x())] (t=nh) < & (h<1)

[1x(8) = X7 < [[x() = x(nh)|| + HX(nh) XM < 2e (h<1)

Q@ |[x(nh) —z|| < ||x(nh) —X"|| + ||X" — z|| < 2¢e < E for h<1, ||X"—z|| <e.
Q F(z) true at these z by @).

@ nthiterate w, = t>0—Vz(||z—x||<e—F(2)) as w,=t>0 iff @ =nh<t

% (=F) U

André Platzer (KIT || CMU) 28/39
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AP
A axiom for open F, but F may be closed
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Discrete Euler Approximation Axiom
= X =f(x)]F (open)
+ Vt>03e>03hy>0V0<h<ho[(x := x+hf(x)) "] (t=0——%(~F))

Example (Incomplete for closed F) }

ExX2+y2<t1= X =y,y =—x]x+y*<A
y Xy
/\
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Closed Discrete Completeness (derivable)
U [¥ =f(X)]F < VE>0[x' = f(x)|%(F) (<= B,V,G,K)
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Closed Discrete Completeness (derivable)

U [¥ =f(X)]F < VE>0[x' = f(x)|%(F) (<= B,V,G,K)
Example (Closed ~ Quantified Open)
I:X2+y2§1—)[Xlzy,y,:—X]X2+y2§1 }
y Xy
/\
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Closed Discrete Completeness (derivable)

U [¥ =f(X)]F < VE>0[x' = f(x)|%(F) (<= B,V,G,K)
Example (Closed ~ Quantified Open)
ExX2+y2<to X =y,y =—x]VE>0x%+y2 <1+E& }
y Xy
/\

André Platzer (KIT || CMU) 31/39


http://symbolaris.com/meta/andre.html

Closed Discrete Completeness (derivable)

U [¥ =f(X)]F < VE>0[x' = f(x)|%(F) (<= B,V,G,K)
Example (Closed ~ Quantified Open)
Ex?+y? <1 VESOX =y,y = —x]xP+y? <1+& }
y Xy
/\
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A :
A axiom for open/closed F, but otherwise?
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Locally Closed Discrete Completeness (derivable)

Example (Locally Closed ~ Open, Closed)
EOAC—[xX'=y,y =—x](OAC) }
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Locally Closed Discrete Completeness (derivable)

A [ax](OAC) <« [@]OA[a]C (< K)
Example (Locally Closed ~» Open, Closed)
FOAC— X' =y,y=—x](OAC) }
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Locally Closed Discrete Completeness (derivable)

A [ax](OAC) <« [@]OA[a]C (< K)
Example (Locally Closed ~ Open, Closed)
FOAC— X' =y,y=—XON[X =y,y =—x]|C J

André Platzer (KIT || CMU) 33/39


http://symbolaris.com/meta/andre.html

Semialgebraic Discrete Completeness (derivable)
U [ =f(x)](OVC) « VE>0[x = f(x)](OV%(C)) (< BV,GK)
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Semialgebraic Discrete Completeness (derivable)
U [ =f(x)](OVC) « VE>0[x = f(x)](OV%(C)) (< BV,GK)

Example ((Open V Closed) ~ Quantified Open)

FEOVC—[x=y,y=-—x](OVC) }

y Xy
L—
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Semialgebraic Discrete Completeness (derivable)
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Semialgebraic Discrete Completeness (derivable)
U [ =f(x)](OVC) « VE>0[x = f(x)](OV%(C)) (< BV,GK)

Example ((Open V Closed) ~ Quantified Open)

FEOVC— X =y,y =—x]VéE>0(0OV%(C)) }

y Xy
L—
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Semialgebraic Discrete Completeness (derivable)
U [ =f(x)](OVC) « VE>0[x = f(x)](OV%(C)) (< BV,GK)

Example ((Open V Closed) ~ Quantified Open)

EOVC—VE>0[x' =y,y =—x](OV%(C)) }

y Xy
L—
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O
A axiom for semialgebraic F, but otherwise?
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Discrete Completeness
Theorem (Relative Completeness / Continuous) (JAR’08,LICS’12)

dL calculus is a sound & complete axiomatization of hybrid systems relative

to differential equations. E ¢ implies Tautrop - @
Theorem (Relative Completeness / Discrete) (LICS’12)
—
dL calculus + A is a sound & complete axiomatization of hybrid systems
relative to discrete dynamics. E ¢ implies Tautp, - ¢
Proof.
@ dL/ODE complete = suffices = ¢ implies Tautp, - ¢ for ¢ € FOD
Q [x' = f(x)]F for first-order F see previous slides.
© propositional connectives and quantifiers see schematic completeness.
Q oL (X = f(X))F < ((xX' = f(x))F)’ see previous slides. [
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Equi-expressibility

Theorem (Equi-expressibility) (LICS’12)
dL (constructively) expressible in FOD and in DL:

Y Fp° € FOD E ¢ < ¢’
Yo Fp# € DL F @ > o

hybrid
0 %
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Equi-expressibility

Theorem (Equi-expressibility) (LICS’12)
dL (constructively) expressible in FOD and in DL:

Y Fp° € FOD E ¢ < ¢’
Yo Fp# € DL F @ > o

)

g

o)
discrete continuous

renl SN,
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Relative Decidability

Theorem (Relative Decidability) (LICS12)

Validity of dL sentences is decidable relative to FOD or relative to DL.

Proof.
@ Let ¢ asentenceindL (FV(¢) =0) and o a state.
@ Either = ¢ or @ [~ ¢. So either @ = ¢ or o = —¢.
© By coincidence, o = ¢ iff v = ¢ for arbitrary v, as FV(¢), no symbols.
@ Either = ¢ or F —o.
@ Either -, ¢ or -, —¢ by completeness relative to L = FOD, L=DL. [
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© summary
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