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1 Introduction to This Lecture
In this lecture we study some parts of the theory of dynamic logics and how its axiomatic semantics agrees with its denotational semantics.
These lecture notes are based on [Pla10, Pla18, MS00, HKT00].
[·] [α]φ ↔ ¬hαi¬φ
h:=i hx := θiφ(x) ↔ φ(θ)
h?i h?Hiφ ↔ (H ∧ φ)
h∪i hα ∪ βiφ ↔ (hαiφ ∨ hβiφ)
h;i hα; βiφ ↔ hαihβiφ
h∗ i hα∗ iφ ↔ φ ∨ hαihα∗ iφ
Figure 1: Some differential dynamic logic axioms

2 Background: First-Order Logic
Soundness is the question whether all provable formulas are valid and is a minimal
requirement for proper logics. Completeness studies the converse question whether all
valid formulas are provable.
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The first-order logic proof calculus can be shown to be both sound and complete,
which is a result that originates from Gödel’s PhD thesis [Göd30], albeit in a different
form.
Theorem 1 (Soundness & completeness of first-order logic). First-order logic is sound,
i.e. ` ⊆ , which means that ` φ implies  φ for all first-order formulas φ (all provable
formulas are valid). First-order logic is complete, i.e.  ⊆ `, which means that  φ
implies ` φ for all first-order formulas φ (all valid formulas are provable). In particular,
the provability relation ` and the validity relation  coincide for first-order logic: ` = .
The same holds in the presence of a set of assumptions Γ, i.e. Γ ` φ iff Γ  φ, that is, a
first-order formula φ is provable from a set of first-order assumptions Γ in first-order logic
if and only if φ is a consequence of Γ, i.e. entailed by Γ, i.e. true in all models of Γ.
Soundness and completeness together show that validity of a formula in the semantics coincide with provability of the formula from the axioms. While of independent
significance, soundness and completeness also argue why the axioms could have been
used to define the meaning of the operators, because, after all, the result coincides with
the denotational semantics. This viewpoint is that of axiomatic semantics, where the
meaning of an operator is given by the set of proof rules and axioms for it.
This lecture will not set out for a direct proof of Theorem 1, because the techniques
used for those proofs are very interesting but would lead us too far astray. An indirect
justification for what makes first-order logic so special that Theorem 1 can hold will be
discussed later.
The following central result about compactness of first-order logic is of similar importance. Compactness is involved in most proofs of Theorem 1, but, once Theorem 1
has been proved, also easily follows from Theorem 1. Compactness means that if a
formula A is a consequence of a set of formulas Γ, then it already is a consequence of
finitely many formulas.
Theorem 2 (Compactness of first-order logic). First-order logic is compact, i.e.
Γ  A ⇐⇒ E  A for some finite E ⊆ Γ

(1)

Proof. By Theorem 1, ` = . By completeness, the semantic compactness theorem (1) is
equivalent to the syntactic compactness theorem:
Γ ` A ⇐⇒ E ` A for some finite E ⊆ Γ

(2)

Condition (2) is obvious, because provability implies that there is a proof, which can,
by definition, only use finitely many assumptions E ⊆ Γ.
Without compactness, proving cannot always work, because proofs are finite so can
only use finitely many assumptions.
Compactness is equivalent to the finiteness property, which, for that reason, is usually simply referred to as compactness. The finiteness property says that a set of formulas Γ has a model if and only if all its finite subsets of formulas have a model.
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Corollary 3 (Finiteness). First-order logic satisfies the finiteness property, i.e.
Γ has a model ⇐⇒ all finite E ⊆ Γ have a model

(3)

Proof. Compactness (Theorem 2) implies the finiteness property. The key observation
is that Γ has no model iff Γ  false, because if Γ has no model, then false holds in all
models of Γ of which there are none. Conversely, the only chance for false to hold in all
models of Γ is if there are no such models, since false never holds. By Theorem 2,
Γ  false ⇐⇒ ∃ finite E ⊆ Γ E  false
Hence,
Γ has a model ⇐⇒ Γ 2 false ⇐⇒ ∀ finite E ⊆ Γ E 2 false ⇐⇒ all finite E ⊆ Γ have a model
It is worth noting that, conversely, the finiteness property implies compactness.
Γ  A ⇐⇒ Γ ∪ {¬A} has no model
⇐⇒ some finite E ⊆ Γ ∪ {¬A} has no model

by finiteness

⇐⇒ E  A for some finite E ⊆ Γ
The last equivalence uses that we might as well include ¬A in E, because if E has no
model then neither does E ∪ {¬A}.

3 Axiomatic Semantics
Propositional dynamic logic is decidable but of limited expressive power. Propositional
dynamic logic is the variable-free fragment of dynamic logic, so it really only has predicate symbols p() without arguments and atomic programs a, b, c without any fixed
interpretation. So for example,
q() ∨ [a∗ ]p() → q() ∨ [a ∪ a; a∗ ]p()
As in the rest of the course, we consider first-order dynamic logic where variables
are allowed and study a few simple meta properties. Dynamic logic has a rich theory [HKT00] and practical applications, e.g., in program verification [HLS+ 96, BHS07],
probabilistic systems [Koz85], hybrid systems verification [Pla12b], distributed hybrid
systems verification [Pla12a] and, indirectly, for network systems [AFG+ 14].
The axioms and proof rules that dynamic logic provides are in a strong sense aligned
with its denotational semantics. With a suitable reading, the axioms tell us the meaning of the operators as well. Yet, there are some challenges along the way of making it
formally precise how the axiomatic and denotational semantics of dynamic logic agree.
They do agree in terms of soundness, i.e. every provable formula is valid, so the axioms never justify something that is not backed up by the denotational semantics. The
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converse question of completeness is more subtle, because we immediately hit a bump
in the road.
As one example we show how easy it is to see that dynamic logic does not have
a sound and complete effective calculus. Given that (first-order) dynamic logic talks
about properties of programs, undecidability is not surprising by Rice’s theorem [Ric53]
and nuisances such as the Entscheidungsproblem and halting problem [Chu36, Tur37].
We show a very simple standalone proof of incompleteness.
Theorem 4 (Incompleteness). (First-order) Dynamic logic of programs has no effective
sound and complete calculus.
Proof. We first show that the compactness theorem does not hold in DL [MS00]. It is
easy to see that there is a set of formulas that has no model even though all finite subsets
have a model, consider:
{h(x := f (x))∗ ; ?p(x)itrue} ∪ {¬p(f n (x)) : n ∈ N}
Suppose there was an effective sound and complete calculus for DL. Consider a set Φ
of formulas that has no model in which all finite subsets have a model. Then Φ  q ∧ ¬q
is valid, thus provable by completeness. But this effective proof can only use finitely
many assumptions Φ0 ⊂ Φ. Thus Φ0  q ∧ ¬q by soundness. But then the finite set Φ0
has no model, which is a contradiction.
Sound and complete infinitary axiomatizations of DL still exist [HKT00]. Also relative completeness proofs exist and arithmetical completeness has been shown [HKT00,
Har79, Coo78]. These are very interesting results but their proofs also too complicated
for today’s lecture. So we will first settle on answering the story for a fragment. Recall that the computation sequence semantics assigns to each program α the set of all
;-separated sequences of assignments and tests that the program α could run.
First-order properties of computation sequences are expressible in first-order logic:
Lemma 5 (First-order rendition). There is an effective mapping [ that assigns to any
formula of the form hσiG for a computation sequence σ and a first-order formula G a
first-order formula (hσiG)[ that is equivalent, i.e.
 hσiG ↔ (hσiG)[
Proof. The proof is by structural induction on σ (for arbitrary first-order formulas G).
•  hx := θiG ↔ (hx := θiG)[ when defining (hx := θiG)[ as Gθx , which is a formula
in first-order logic. Note that the substitution never clashes after bound variable
renaming of the quantifiers.
•  h?HiG ↔ (h?HiG)[ when defining (h?HiG)[ as H ∧ G, which is a formula in
first-order logic.
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[
•  hα; βiG ↔ (hα; βiG)[ when defining (hα; βiG)[ as hαi(hβiG)[ since  hβiG ↔
(hβiG)[ by induction hypothesis since β is smaller than α; β and so  hαi(hβiG)[ ↔

[
hαi(hβiG)[ by induction hypothesis, since α is smaller than α; β and since
(hβiG)[ is a first-order formula even if possibly a bigger one.
Termination assertions are valid if and only if they are provable:
Theorem 6 (Completeness of termination in uninterpreted case). In the uninterpreted case, i.e., with arbitrary interpretations and no built-in arithmetic, the dynamic
logic calculus is complete for termination assertions with first-order formulas F, G:
 F → hαiG

iff

` F → hαiG

Proof. The soundness direction (from right to left) has been proved already in a previous lecture. The completeness direction (from left to right) is by structural induction on
α.
•  F → hx := θiG then  F → Gθx , e.g. by soundness of h:=i. This formula is firstorder, hence, provable by Theorem 1: ` F → Gθx . This proof can be continued to
a proof of ` F → hx := θiG using h:=i.
•  F → hα; βiG then  F → hαihβiG, e.g. by soundness of h;i. Thus, there is
a computation sequence σ ∈ CS(β) such that  F → hαihσiG. Now Lemma 5
implies,  F → hαi(hσiG)[ , which, by induction hypothesis, is provable ` F →
hαi(hσiG)[ because α is smaller than α; β and (hσiG)[ is first-order. By Lemma 5
and σ ∈ CS(β),  (hσiG)[ → hβiG, which, by induction hypothesis, is provable ` (hσiG)[ → hβiG because β is smaller than α; β and (hσiG)[ is first-order.
This implies ` hαi(hσiG)[ → hαihβiG using, e.g. the generalization proof rule1 .
Combining both proofs ` F → hαi(hσiG)[ and ` hαi(hσiG)[ → hαihβiG yields
` F → hαihβiG by modus ponens, from which h;i derives ` F → hα; βiG.
•  F → hα ∪ βiG. The approach of the above cases does not work here unless 
F → hαiG or  F → hβiG, which cannot generally be expected, because it may be
the case that in some states only α leads to G while only β leads to G in others. Let
Ω = CS(α∪β) = CS(α)∪CS(β) the set of all computation sequences of α∪β. In an
infinitary
logic, we could say that hα ∪ βiG is equivalent to the infinitary formula
W
σ∈Ω hσiG, except that this one is an infinitely big formula. Still,  F → hα ∪ βiG
implies that the following set of DL formulas is unsatisfiable:
{F } ∪ {¬hσiG : σ ∈ Ω}
For each computation sequence σ ∈ Ω,  hσiG ↔ (hσiG)[ . Hence, the following
set of first-order formulas is unsatisfiable
{F } ∪ {¬(hσiG)[ : σ ∈ Ω}
1

If ` A → B then ` hαiA → hαiB.

15-812 L ECTURE N OTES
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Thus, Corollary 3 implies that there is a finite subset of Ω0 ⊆ Ω for which the
following finite subset is unsatisfiable
{F } ∪ {¬(hσiG)[ : σ ∈ Ω0 }
Thus
F →

_

(hσiG)[

σ∈Ω0

which can be rewritten in the form
!
F →

_

(hσiG)[ ∨

σ∈A

_

(hσiG)[

(4)

σ∈B

where A = Ω0 ∩ CS(α) and B = Ω0 ∩ CS(β). By Theorem 1, the latter firstorder formula is provable in first-order logic (thus in DL). As A and B are sets of
computation sequences of α and β respectively:
!
!
_
_

(hσiG)[ → hαiG and 
(hσiG)[ → hβiG
σ∈A

σ∈B

These formulas involve smaller programs, so are provable by induction hypothesis. Combining these proofs with the provability of (4) proves
` F → hαiG ∨ hβiG
from which h∪i proves
` F → hα ∪ βiG
•  F → hα∗ iG. Let Ω = CS(α∗ ) the set of all computation sequences of α∗ . In
∗
an
W infinitary logic, we could say that hα iG is equivalent to the infinitary formula
σ∈Ω hσiG, except that this one is an infinitely big formula. Still, the following set
of formulas is unsatisfiable:
{F } ∪ {¬hσiG : σ ∈ Ω}
For each computation sequence σ ∈ Ω,  hσiG ↔ (hσiG)[ . Hence, the following
set of first-order formulas is unsatisfiable
{F } ∪ {¬(hσiG)[ : σ ∈ Ω}
Thus, Corollary 3 implies that there is a finite subset of Ω0 ⊆ Ω for which the
following finite subset is unsatisfiable
{F } ∪ {¬(hσiG)[ : σ ∈ Ω0 }
Thus
F →

_

(hσiG)[

(5)

σ∈Ω0
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By Theorem 1, this first-order formula is provable in first-order logic (thus in DL).
For σ ∈ Ω0 , let n be the iteration count for the loop explaining σ, i.e. let σ ∈
CS(αn ), in which case
 (hσiG)[ → hαn iG
This formula has a program αn of smaller structural complexity than α∗ , so it is
provable by induction hypothesis
` (hσiG)[ → hαn iG

(6)

For any natural number n ∈ N, the following formula is provable by n uses of h∗ i:
` hαn iG → hα∗ iG

(7)

Combining the proofs of (5), (6) and (7) leads to a proof of
_
`F →
hα∗ iG
σ∈Ω0

from which the desired conclusion proves easily since σ no longer occurs:
` F → hα∗ iG
Consequently, for this fragment of uninterpreted termination assertions, the axiomatic
semantics of dynamic logic is equivalent to its denotational semantics.
With some relaxations of working relative to a data logic such as the underlying firstorder logic of integer arithmetic, completeness can be lifted to general dynamic logic
formulas [HKT00].
Theorem 7 (Relative completeness). Dynamic logic is complete relative to the underlying first-order logic of integer arithmetic FOLZ . That is, if DL formula φ is valid, then it
is provable in the DL calculus from a set of tautologies of FOLZ :
 φ implies FOLZ ` φ
For the proof, see [Pla17, Theorem 40] and a more general discussion around [Pla15,
Theorem 4.5], which contain additional complications about differential equations that
are unnecessary in our context and can be safely ignored here. The remaining question to complete the proof from [Pla17, Theorem 40] for the particular case of Theorem 7 is to show that modal formulas of loops such as [α∗ ]G have a first-order rendition
([α∗ ]G)[ in FOLZ , which follows similar to Lemma 5 using Gödel’s definable pairing
bijections p : N × N → N to encode intermediate states of loops. Gödel’s pairing function, in turn, is based on the unique prime factorization in natural numbers so that this
function is an injection
N × N → N; (a, b) 7→ 2a 3b
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A NDR É P LATZER

