LFCPS Exercise Class 6
Complete considerations in CPS

Quiz recap

Exercise 1. Which axioms are sound renditions of the vacuous axiom schema?
1. p(z) — [a]p(x)
2. p() = [7q(z)]p()
3. p() = [blp()
4. () = [alg(z)

9. p() Aq() = lal(p() A q())
Exercise 2. Which axioms are sound renditions of the assignment axiom schema?

1. [z = f(2)]p(z) < p(f(x))
2. [z := g(z)]p(z) < q(g(x))
3. [z :=c(l(p(z) < p(c()))

4- [z = g(lp(g(z)) < p(g(x))

For each case, find conditions under which it is sound.

Completeness

Exercise 3. In the lecture, we defined a proof calculus as sound and complete if and
only if the following equivalence holds for all formulas ¢:

E ¢ if and only if + .
1. Explain in your own words what both directions of the equivalence mean.
2. Does this equivalence hold for the proof calculus of dL?
Exercise 4. Consider the equational differential invariant proof rule:
Hla’ = fx)l(e) =0
e=0F[2' = f(z)le=0
We sat that the equation e = 0 is a differential invariant, if [z’ := f(z)](e)’ = 0 is a
valid formula.

Prove that if e1 = 0 and ea = 0 are both differential invariants, then the following
formulas are also provable using the differential invariant proof rule:

1. e1=0Ve; =0F [z = f(x)](e1 =0V es =0),
2.e1=0ANex2=0F[2/ = f(z)](e1 =0Aex =0).

Exercise 5. Recall the discrete Euler approzimation axiom from the lecture:

A [ = f(@)]F < 3hg > OV0 < h < hol(z := & + hf(x))"]F.

—
Can the following properties be proved using only the axiom A, without relying on other
differential equation axioms?

1. 2 >0F [2' = 1]z >0,
2. 224+ =1F[{2' = —y,y = a}ja® +y? = 1.
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