
LFCPS Exercise Class 3&4
Loop Invariants & Differential Invariants

1 Loop Invariants

Exercise 1. Prove that every loop is its own invariant.

[α∗]φ→ [α∗][α∗]φ

Exercise 2 (Finding loop invariants). Identify loop invariants for the following hybrid programs:

1. x > 2 ∧ y ≥ 1→ [(x := x+ y; y := y + 2)∗]x > 1

2. x = −1→ [(x := 2x+ 1)∗]x ≤ 0

3. x = −1→ [({x′ = 2})∗]x ≥ −5

4. x ≥ 1 ∧ v ≥ 0→ [{x′ = v, v′ = 2}∗]x ≥ 0

5. x = 1 ∧ u > x→ [(x := 2; {x′ = x2 + u})∗]x ≥ 0

Exercise 3. Consider a hybrid program α and suppose φ is an invariant of α. Suppose β is
obtained from α by replacing all sub-programs γ ∪ δ by either γ or β. For example if α were
(y := 1 ∪ y := −1);x := x − 1 ∪ x := x + 1 then β could be x := x + 1 or y := 1;x := x − 1 or
y := −1;x := x− 1. Show that φ is an invariant of β.

Conversely suppose φ is an invariant of all possible β obtained in the way described. Show that
φ is an invariant of α.

Exercise 4 (Heron). Prove the following formulas

1. (z > 0 ∧ x > 0 ∧ (x− e)2 = z)→ [(e := e2

2x ;x := 1
2 (x+ z

x ))
∗
](x− e)2 = z

2. (x = 2 ∧ ε = 3
4 )→ [(ε := ε2;x := 1

2 (x+ 2
x ))

∗
]|x−

√
2| < ε

2 Differential Reasoning

Exercise 5. Recall the following axioms from the lecture:

DW [x′ = f(x) & Q]P ↔ [x′ = f(x) & Q](Q→ P )

DI ([x′ = f(x) & Q]P ↔ [?Q]P )← [x′ = f(x) & Q](P )′

DC ([x′ = f(x) & Q]P ↔ [x′ = f(x) & Q ∧ C]P )← [x′ = f(x) & Q]C

1. Choose a simple differential equation (e.g. x’ = 1), a domain constraint Q, and a formula
P .

2. Verify that each axiom holds for your example.

3. Reflect on the intuition behind each axiom: How do these axioms simplify reasoning in hybrid
systems?

Exercise 6. Recall that:

• (P ∧Q)′ ↔ (P )′ ∧ (Q)′

• (P ∨Q)′ ↔ (P )′ ∧ (Q)′

• (e ≥ 0)′ ≡ (e)′ ≥ 0

• (e > 0)′ ≡ (e)′ ≥ 0
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• (e = 0)′ ≡ (e)′ = 0

• (e ̸= 0)′ ≡ (e)′ = 0

Simplify the following formulas using the rules for the differential operator.

1. ((v2 + w2 < r2 ∧ v ≤ 0) ∨ v = 0)′

2. (x2 + 2x < 0 ∨ (x ̸= 0 ∧ x > 1))′

Exercise 7. Prove the following formulas using differential invariants, differential cuts, and dif-
ferential weakening as required:

1. ω ≥ 0 ∧ x = 0 ∧ y = 3→ [{x′ = y, y′ = −ω2x− 2ωy}]ω2x2 + y2 ≤ 9

2. xy2 + x ≥ 7→ [{x′ = −2xy, y′ = 1 + y2}]xy2 + x ≥ 7

3. x ≥ 2 ∧ y = 1→ [{x′ = x2y + x4, y′ = 1 + y2}]x3 ≥ 1

4. x ≥ 2 ∧ y ≥ 2 ∧ z = 1→ [{x′ = x2z + x4, y′ = y2 + y4z, z′ = z2 + 1}](x3 ≥ 1 ∧ y3 ≥ 1)

5. x2 + y2 = 0→ [x′ = 4y3, y′ = −4x3]x2 + y2 = 0

Exercise 8. Prove that the following dL formula is a sound axiom:

[x′ = f(x)](e)′ = 0→ ([x′ = f(x)]e = 0↔ e = 0).

Exercise 9. Prove or disprove the following proof rule:

F ∧Q ⊢ [x′ := f(x)](F )′

F ⊢ [x′ = f(x)&Q]F
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