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Intro

Stochastic hybrid systems: hybrid systems + stochastics

Powerful dynamic logics:

Stochastic Differential Dynamic Logic (SdL)

Nondeterminstic Stochastic Differential Dynamic Logic (NSdL)

Problem: no implementations!
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NDSdL

Nondeterminstic Discrete Stochastic Differential Dynamic Logic

Based on NSdL, but discrete

Fully compiles down to dL

Can use KeYmaera X!

Translation soundness theorems

Compiler implementation
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NDSdL Syntax

Term e1, e2 ::= x | c | e1 + e2 | e1 · e2

Formula P,Q ::= e1 ≥ e2 | e1 = e2 | ¬P | P � Q | ∀xP | ∃xP | [α]P | 〈α〉P
| ⦉α⦊P ≤ p (� ∈ {∧,∨,→,↔})

Program α, β ::= x := e | x := ∗ | x := {p1 : e1, . . . , pn : en} | ?P | α;β

| α∗ | α∗:p | α ∪ β |
n⊕

i=1

piαi | x ′ = f (x) & P

⦉α⦊P ≤ p: Probability bound

x := {p1 : e1, . . . , pn : en}: Probabilistic assignment

α∗:p: Probabilistic loop⊕n
i=1 piαi : Probabilistic choice
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Program Semantics

dL: transition between states

NDSdL: transition between probability distributions of states

α
ω π
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Program Semantics

dL: transition between states

NDSdL: transition between probability distributions of states

ω1 ωk stuck

Probability

State
π1 stuck

Probability

State

α

π`· · · · · ·
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stuck?

dL: Failed test: no transition

ω ω 2 P

?P

NDSdL: Failed test: mapped to stuck

stuck is not a state!
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Program Semantics: Assignment

ω π stuck

Probability

State
ωe
x πex stuck

Probability

State

x := e
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Program Semantics: Nondeterminstic Assignment

ω π stuck

Probability

State

ωd1
x πd2

x stuck

Probability

State

x := ∗
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Program Semantics: Probabilistic Assignment

ω π stuck

Probability

State
ωe1
x πe1

x stuck

Probability

State

x := {p1 : e1, p2 : e2}

ωe2
x πe2

x
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Program Semantics: Test

ω π stuck

Probability

State
ω stuck

Probability

State

?P
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Program Semantics: Sequential Composition

ω1 ωk stuck

Probability

State
ξ1 stuck

Probability

State

α

π1 stuck

Probability

State

β

ξ`

α;β

· · · · · · · · ·πn
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Program Semantics: Nondeterministic Choice

ω1 ωk stuck

Probability

State

ξ1 stuck

Probability

State

α

π1 stuck

Probability

State

β

ξ`

· · ·

· · ·

· · · πn

α ∪ β
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Program Semantics: Probabilistic Choice

ω1 · · ·ωk

stuck

Probability

State

π1 · · ·π` stuck

Probability

State

α1
×p1

...

⊕n
i=1 piαi

×pnαn
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Program Semantics: Nondeterministic Loop

ω1 ωk stuck

Probability

State

α

π1 stuck

Probability

State

α

α∗

· · · · · · πn

· · ·
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Program Semantics: Probabilistic Loop

ω1 · · ·ωk

stuck

Probability

State
π1 · · ·πn stuck

Probability

State

?true

×(1− p)

...

α

×(1− p)p

α∗:p

×(1− p)pi

...

α
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Program Semantics: ODE

ω π stuck

Probability

State

ω′ stuck

Probability

State

{x ′ = f (x) & P}
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Formula Semantics

Mostly the same as in dL

Modalities need to be modified

Probability bound:

ω ∈ J⦉α⦊P ≤ pK iff ω ∈ Jσ(ρ(α,P), p)K
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Probability Bound

σ(ρ(α,P), p)

I: indicator

I(P, y) ≡ (P ∧ (y = 1)) ∨ (¬P ∧ (y = 0))

ρ: bound probability

ρ(α,P) ≡ (preconditions, bound)

σ: finalize ρ

σ(({P1, . . . ,Pn}, e), p) ≡

(
n∧

i=1

Pi

)
→ (e ≤ p)
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Probability Bound: ρ

ρ(·,P) = ({I(P, y)}, y) (y fresh)

ρ(β;α1 ∪ α2,P) = (X1 ∪ X2,max(e1, e2))

where (Xi , ei ) = ρ(β;αi ,P)

ρ

(
β;

n⊕
i=1

piαi ,P

)
=

(
n⋃

i=1

Xi ,

n∑
i=1

piei

)
where (Xi , ei ) = ρ(β;αi ,P)

ρ(β; x := {p1 : e1, . . . , pn : en},P) = ρ

(
β;

n⊕
i=1

pi{x := ei},P

)
ρ(β;α,P) = ρ(β, 〈α〉P)
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Loop Probability Bounds

ρ(β;α∗,P) =

( ∞⋃
i=0

Xi , sup
i

ei

)
where (Xi , ei ) = ρ(β;αi ,P) for i ∈ N

What is sup?

Theorem (Loop unrolling)

Jα∗K = J{?true} ∪ {α;α∗}K

Theorem (Probabilistic loop unrolling)

Jα∗:pK = J(1− p){?true} ⊕ p{α;α∗:p}K

Samuel Kim Nondeterminstic Discrete Stochastic Differential Dynamic LogicDecember 10, 2019 20 / 28



Loop Probability Bounds

ρ(β;α∗,P) =

( ∞⋃
i=0

Xi , sup
i

ei

)
where (Xi , ei ) = ρ(β;αi ,P) for i ∈ N

What is sup?

Theorem (Loop unrolling)

Jα∗K = J{?true} ∪ {α;α∗}K

Theorem (Probabilistic loop unrolling)

Jα∗:pK = J(1− p){?true} ⊕ p{α;α∗:p}K

Samuel Kim Nondeterminstic Discrete Stochastic Differential Dynamic LogicDecember 10, 2019 20 / 28



Loop Probability Bounds

ρ(β;α∗,P) =

( ∞⋃
i=0

Xi , sup
i

ei

)
where (Xi , ei ) = ρ(β;αi ,P) for i ∈ N

What is sup?

Theorem (Loop unrolling)

Jα∗K = J{?true} ∪ {α;α∗}K

Theorem (Probabilistic loop unrolling)

Jα∗:pK = J(1− p){?true} ⊕ p{α;α∗:p}K

Samuel Kim Nondeterminstic Discrete Stochastic Differential Dynamic LogicDecember 10, 2019 20 / 28



Loop Probability Bounds

ρ(β;α∗,P) =

( ∞⋃
i=0

Xi , sup
i

ei

)
where (Xi , ei ) = ρ(β;αi ,P) for i ∈ N

What is sup?

Theorem (Loop unrolling)

Jα∗K = J{?true} ∪ {α;α∗}K

Theorem (Probabilistic loop unrolling)

Jα∗:pK = J(1− p){?true} ⊕ p{α;α∗:p}K

Samuel Kim Nondeterminstic Discrete Stochastic Differential Dynamic LogicDecember 10, 2019 20 / 28



Translation to dL: Formulas

Mostly the same as dL

α
dL

α P
dL

P

[α]P
dL

[α]P
(dL-[])

σ(ρ(α,P), p)
dL

Q

⦉α⦊P ≤ p
dL

Q
(dL-⦉⦊)
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Translation to dL: Programs

Replace probabilistic operators with nondeterministic operators

α
dL

α 0 < p < 1

α∗:p
dL

α∗
(dL-∗:p)

∀1 ≤ i ≤ n, αi
dL

αi
n⊕

i=1

piαi
dL

n⋃
i=1
pi 6=0

αi

(dL-⊕)
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Theorems

Theorem (Soundness of Translation)

Let P
dL

P. P is valid in NDSdL iff P is valid in dL.

Theorem (Probability Bound)

If ω � ⦉α⦊P ≤ p then ∀(Det(ω), ν) ∈ JαK, P [π � P] ≤ p for π ∼ ν.

Theorem (Conservative Extension)

Every valid dL formula is also a valid NDSdL formula.
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Compiler

∼850 lines of OCaml

Syntactic sugar:

x := Bernoulli(p) ≡ x := {p:1, (1-p):0}

x := Geometric(p) ≡ x := 1; {x := x+1}*:(1-p)

{a}*@unroll(n), {a}*:p@unroll(n),
x := Geometric(p)@unroll(n)

NDSdL
formula file

Ndsdl_extra

IR
Ndsdl IR Dl IR .kyx file

Parser/Lexer Desugaring

Translation
and Static
Checking Output
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Ndsdl_extra

IR
Ndsdl IR Dl IR .kyx file

Parser/Lexer Desugaring

Translation
and Static
Checking Output
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Example

Geometric distribution with success probability 3/4

Want to prove: probability of ≥ 3 trials is bounded by 1/16

<| x := Geometric(3/4) |>(x>=3) <= 1/16

Not valid!

<| x := Geometric(3/4)@unroll(2) |>(x>=3) <= 1/16
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Example (translated)

ProgramVariables

Real tt_0;

Real tt_1;

Real tt_2;

Real x;

End.

Problem

((((true) & (((<x := 1;>(<?true;>((x) >= (3)))) & ((tt_0) = (1))) | ((!(<x :=

1;>(<?true;>((x) >= (3))))) & ((tt_0) = (0))))) & (((<x := 1;>(<x := (x)

+(1);>(<?true;>((x) >= (3))))) & ((tt_1) = (1))) | ((!(<x := 1;>(<x := (x)

+(1);>(<?true;>((x) >= (3)))))) & ((tt_1) = (0))))) & (((<x := 1;>(<x := (

x)+(1);>(<x := (x)+(1);>(<{x := (x)+(1);}*>((x) >= (3)))))) & ((tt_2) =

(1))) | ((!(<x := 1;>(<x := (x)+(1);>(<x := (x)+(1);>(<{x := (x)+(1);}*>((

x) >= (3))))))) & ((tt_2) = (0))))) -> ((((0)+(((1)-((1)-((3)/(4))))*(tt_0

)))+(((1)-((3)/(4)))*(((0)+(((1)-((1)-((3)/(4))))*(tt_1)))+(((1)-((3)/(4))

)*(tt_2))))) <= ((1)/(16)))

End.
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Conclusion

NDSdL: dynamic logic for stochastic hybrid systems

Compiles to dL

Soundness theorems

Compiler implementation

Future work: continuous probability distributions
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Questions?

σ(ρ(α,P), p)
dL

Q

⦉α⦊P ≤ p
dL

Q
(dL-⦉⦊)
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