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Intro

@ Stochastic hybrid systems: hybrid systems + stochastics
@ Powerful dynamic logics:
e Stochastic Differential Dynamic Logic (Sd£)
o Nondeterminstic Stochastic Differential Dynamic Logic (NSd£)

@ Problem: no implementations!
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NDSdL

Nondeterminstic Discrete Stochastic Differential Dynamic Logic

Based on NSd.L, but discrete

Fully compiles down to dL

o Can use KeYmaera X!
@ Translation soundness theorems

@ Compiler implementation
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NDSdL Syntax

Term e, ey i=x|cler+e|e-e
Formula P,Q:=e1 > e |e1=e|-P|P®Q|VYxP|3xP | [a]P | (a)P
| {ahP < p (© € {AV, =, &))
Program a,fi=x=e|x =% |x={p1:e1,....pn e} | 7P| ;3

]a*|a*:p]au,8\®p,-a,-]x’:f(x)&P
i=1
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n
| o |04*:”]04U/8\@p,-a; | X' = f(x) &P
i=1
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NDSdL Syntax

Term e, ey i=x|cler+e|e-e
Formula P,Q:=e1 > e |e1=e|-P|P®Q|VYxP|3xP | [a]P | (a)P
| {ahP < p (© € {AV, =, &))
Program a,fi=x=e|x =% |x={p1:e1,....pn e} | 7P| ;3

]a*\a*:"]auﬂ\@p;a;]x’:f(x)&P
i=1

o {ahP < p: Probability bound
o x ={p1:e1,...,pn: en}: Probabilistic assignment

@ a*P: Probabilistic loop

o @', piaj: Probabilistic choice
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Program Semantics

@ dL: transition between states
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Program Semantics

@ dL: transition between states

o NDSdL: transition between probability distributions of states

Probability Probability
[0
RN
State ‘ ‘ State
wi1--- Wk stuck T --- T¢ stuck
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o dL: Failed test: no transition

wk P
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o dL: Failed test: no transition

wk P

o NDSdL: Failed test: mapped to stuck
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o dL: Failed test: no transition

wk P

o NDSdL: Failed test: mapped to stuck

@ stuck is not a state!
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Program Semantics: Assignment

Probability Probability
X =e
>
‘ State ‘ State
w T stuck wy Ty stuck
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Program Semantics: Nondeterminstic Assignment

Probability Probability
X = %
_—
State State
w T stuck wh 1% stuck

Q
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Program Semantics: Probabilistic Assignment

Probability Probability

x={pi:e,p:e}

N

‘ State
w T stuck wg w2 Tt T2 stuck

State
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Program Semantics: Test

Probability Probability

7P

‘ State State
w T  stuck w stuck
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Program Semantics: Sequential Composition

a; 8
Probability Probability Probability
_o, B,
State ‘ ‘ State State
w1 - - - Wk stuck §1 -+ & stuck m1--Th stuck
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Program Semantics: Nondeterministic Choice

Probability

Probability

. i
/ ‘ State

&1 -+ & stuck

s

TTttotm===ill qUp

| Wobabnity\ N
State

wi--- Wk  stuck
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Program Semantics: Probabilistic Choice

D, piai

Probability Probability
VAL

« T
n X Pn
—~
State S
tate
wl o o e wk
stuck 1T stuck
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Program Semantics: Nondeterministic Loop

*

«
Probability Probability
o «
— —
State ‘ State
w1 - - - Wk stuck T -+ Tn stuck
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Program Semantics: Probabilistic Loop

a™P

Probability x(1=p)  Probability
?trij/» AJALJ€> ‘\\\\9
la
x(1—p)p
ALALJ;> T 4+ —

w1 Wk T Tn stuck
stuck

State
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Program Semantics: ODE

Probability Probability

{x'=f(x) &P}

‘ State State
w T stuck W' stuck
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Formula Semantics

@ Mostly the same as in dC
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Formula Semantics

@ Mostly the same as in dC
@ Modalities need to be modified

@ Probability bound:

w € [{abP < p] iff w € [o(p(e, P), p)]
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Probability Bound

a(p(a, P),p)

@ 7: indicator

I(P,y)=(PA(y =1)) V(=P A(y =0))
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Probability Bound

a(p(a, P), p)
@ 7: indicator
Z(Py)=(PA(y=1))V(=PA(y=0))

@ p: bound probability

p(a, P) = (preconditions, bound)
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Probability Bound

a(p(a, P), p)
@ 7: indicator
Z(Py)=(PA(y=1))V(=PA(y=0))

@ p: bound probability

p(a, P) = (preconditions, bound)

e o: finalize p

o(({P1, ..., Pa}, ), p)

1l
7
==
e
~__—
1
©
A\
S
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Probability Bound: p

p(- P)=({Z(P.y)}y) (v fresh)
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Probability Bound: p

p(, P) = ({Z(P,y)},y) (v fresh)
p(ﬁ; a1 Uao, P) = (Xl U Xa, max(el, 62))
where (X, &) = p(B; aj, P)

(o) (x5
- Wher:(lXi, ell):1= p(B; ai, P)
p(Bix={p1:e1,....,pn:en},P)=p (ﬁ: Gani{X = e}, P)
p(B; o, P) = p(B, (c;;’)
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Loop Probability Bounds

p(B;a, P) = (U Xi, sup e,-) where (X;, ) = p(B;a’,P) for i € N

i=0
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Loop Probability Bounds
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Loop Probability Bounds

p(B;a, P) = (U Xi, sup e,-) where (X;, ) = p(B;a’,P) for i € N

i=0
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Theorem (Loop unrolling)
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Loop Probability Bounds

p(B;a, P) = (U Xi, sup e,-) where (X;, ) = p(B;a’,P) for i € N

i=0

What is sup?

Theorem (Loop unrolling)

[o*] = [{?true} U{a; a*}]

A\

Theorem (Probabilistic loop unrolling)

[«P] = [(1 — p){?true} @ p{a; a™P}]
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Translation to d£: Formulas

Mostly the same as dC
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Translation to d£: Formulas

Mostly the same as dC

dL e
a~~>Q PWP (dL-]))
[o]P %% [a]P
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Translation to d£: Formulas

Mostly the same as dC

dL _ d. -
a~>a P~P

[a]P <5 [a]P

(d£-[])

a(p(a, P), p) %5 Q
(ahP < p%% Q

(d£-49)

Samuel Kim

Nondeterminstic Discrete Stochastic Different

December 10, 2019 21/28



Translation to d£: Programs

Replace probabilistic operators with nondeterministic operators
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Translation to d£: Programs

Replace probabilistic operators with nondeterministic operators

o a O<pxl1

.p dL
o P~ o

(dL-*:p)
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Translation to d£: Programs

Replace probabilistic operators with nondeterministic operators

o a O<pxl1

dL-x:
. (dL-x:p)
. dE __
<< ;
Vi<i<n, aj ~ (dﬁ—@)

@plal <& U Qj

Pl#o
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Theorems

Theorem (Soundness of Translation)

Let P45 P. P is valid in NDSAL iff P is valid in d.L.
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Theorems
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Theorems

Theorem (Soundness of Translation)

Let P45 P. P is valid in NDSAL iff P is valid in d.L.

Theorem (Probability Bound)
If wE {ahP < p then ¥(Det(w),v) € [a], P[r E P] < p form ~ v.

Theorem (Conservative Extension)
Every valid dL formula is also a valid NDSdL formula.
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Compiler

@ ~850 lines of OCaml

Translation
and Static
Parser/Lexer Desugaring Checking Output
Ndsdl t .
NDSdL. SR 2SR Ndsdl IR D1 IR .kyx file
formula file IR

Samuel Kim Nondeterminstic Discrete Stochastic Different December 10, 2019



Compiler

@ ~850 lines of OCaml

@ Syntactic sugar:

Translation
and Static
Parser/Lexer Desugaring Checking Output
Ndsdl t .
NDSdL. SR 2SR Ndsdl IR D1 IR .kyx file
formula file IR

Samuel Kim Nondeterminstic Discrete Stochastic Different December 10, 2019



@ ~850 lines of OCaml
@ Syntactic sugar:

e x := Bernoulli(p) =x := {p:1, (1-p):0}

Translation
and Static
Parser/Lexer Desugaring Checking Output

NDSdL. Ndsdl_extra el TR b1 IR
formula file IR

.kyx file
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@ ~850 lines of OCaml

@ Syntactic sugar:

°x Bernoulli(p)

Il
™
1

{p:1, (1-p):0}

°x Geometric(p) =x := 1; {x := x+1}*:(1-p)

Translation
and Static
Parser/Lexer Desugaring Checking Output

NDSdL. Ndsdl_extra el TR b1 IR
formula file IR

.kyx file
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@ ~850 lines of OCaml

@ Syntactic sugar:

e x := Bernoulli(p) =x := {p:1, (1-p):0}

1; {x := x+1}*:(1-p)

e x := Geometric(p) =x :

o {a}*@unroll(n), {a}*:p@unroll(n),

x := Geometric(p)Qunroll(n)
Translation
and Static
Parser/Lexer Desugaring Checking Output

NDSdL
formula file

Ndsdl_extra
IR

Ndsdl IR %

D1 IR %

.kyx file
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Example

o Geometric distribution with success probability 3/4
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o Geometric distribution with success probability 3/4
@ Want to prove: probability of > 3 trials is bounded by 1/16
<| x := Geometric(3/4) |>(x>=3) <= 1/16

Not valid!
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o Geometric distribution with success probability 3/4
@ Want to prove: probability of > 3 trials is bounded by 1/16
<| x := Geometric(3/4) [|>(x>=3) <= 1/16
Not valid!

<| x := Geometric(3/4)@unroll(2) [|>(x>=3) <= 1/16
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Example (translated)

ProgramVariables
Real tt_O;
Real tt_1;
Real tt_2;
Real x;

End.

Problem
((((true) & (((<x := 1;>(<7true;>((x) >= (3)))) & ((tt_0) = (1)) | ((1(<x :=

1;>(<?true;>((x) >= (3))))) & ((tt_0) = (0))))) & (((<x := 1;>(<x := (%)
+(1);>(<?true;>((x) >= (3))))) & ((tt_1) = (1)) | (' (<x := 1;>(<x := (x)
+(1);>(<?true;>((x) >= (3)))))) & ((tt_1) = (0))))) & (((<x := 1;>(<x := (
x)+(1);>(<x 1= (@D+(1);>(<{x = X)+(1);>((x) >= (3)))))) & ((tt_2) =
W) | ((lkx = 1;>(<x 1= (X)+(1);>(<x 1= (X)+(D);>(<{x = (@)+(1);F*+>((
x) >= (3))))))) & ((tt_2) = (0))))) —> (((O)+(((1)-((1)-((3)/(4))))*(tt_0
I+ =)/ (4)))*((CO)+(((1)=((1)=((3)/(4))))*(tt_1)))+(((1)-((3)/(4))
Ix(tt_2))))) <= ((1)/(16)))

End.
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Conclusion

e NDSdL: dynamic logic for stochastic hybrid systems
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Conclusion

e NDSdL: dynamic logic for stochastic hybrid systems

@ Compiles to dL

Soundness theorems

Compiler implementation

@ Future work: continuous probability distributions
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