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Markets are becoming more complex

● Big data and more financial assets

● Difficult to accurately model

● Global models don’t perform well

● Need local models based on world state

● 2008 Recession

● 2010 Flash Crash



Brownian Motion is Essential to Market Simulation

● Random evolution

● Suspended particles in fluid

● ௧ ௧ ௧

● Stock prices follow

correlated GBMs



SMC can make safety guarantees about 
trading strategies

● Markov Decision Process

● Bound the probability that we lose money

● Henriques et al. 2012: resolve nondeterminism



Definitions



Trader and Scheduler

● Trader

● Chooses a strategy

● How to allocate wealth in each time period

● Goal: Make as much money as possible

● Scheduler

● Chooses “world state” - how the market behaves

● Tries to make trader lose money



Assets and Portfolio

● Controlled by the trader

● 8 assets

● 7 stocks

● 1 risk-free

● Allocation vector



World States

● Influences how stock prices behave

● 𝜇: drift

● Σ: volatility

● Based on S&P500

● Ex: S&P500 going up in price

● Transition to other world states

Transition matrix for 4 world states



Model



New probabilistic syntax to 

● Defined for a finite state space



Model

● Preconditions

● Hybrid Program

● Postcondition



Preconditions

● ଴ : duration of each iteration

● : Starting portfolio value

● ଵ ଶ ே಻
: starting world state

● ௜ : all stock prices are positive



Hybrid Program

Trader chooses 
allocation

Scheduler 
chooses next 
world state

Repeat 
indefinitely

Run market 
simulation 



Postcondition and Formula

● ଴ : trader loses money

● Let be the probability we want to prove 



Simulation & Training



Market Simulation

● Given a set of world transitions, for each transition:

● Let trader choose portfolio allocation

● Stock prices evolve according to correlated GBMs

● Stock returns  portfolio returns (𝛼் ⋅ 𝑅)

● Use historical data to compute parameters for each world state

● Calculate Sharpe ratio



Making an Evil Scheduler

● Find optimal adversarial scheduler 

● Algorithm based on Henriques et al. 2012

● Reinforcement learning

● Evaluate

● Improve

● Optimize



Training example: Evaluate

0.08 0.92 0 0 0 0 0 0
0.04 0.15 0.81 0 0 0 0 0
0 0.05 0.15 0.80 0 0 0 0
0 0 0.8 0.18 0.02 0 0 0
0 0 0 0.55 0.27 0.18 0 0
0 0 0 0 0.98 0.02 0 0
0 0 0 0 0 0.85 0.15 0
0 0 0 0 0 0 1 0



Training example: Improve

𝑞 =

1 0.98 0 0 0 0 0 0
0.88 099 0.99 0 0 0 0 0
0 0.99 0.99 0.99 0 0 0 0
0 0 0.99 0.99 0 0 0 0
0 0 0 1 1 1 0 0
0 0 0 0 1 1 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0



Training example: Evaluate

0.04 0.96 0 0 0 0 0 0
0.03 0.56 0.42 0 0 0 0 0
0 0.02 0.66 0.32 0 0 0 0
0 0 0.8 0.2 0 0 0 0
0 0 0 0.2 0.28 0.52 0 0
0 0 0 0 0.96 0.04 0 0
0 0 0 0 0 0.55 0.45 0
0 0 0 0 0 0 1 0



Training example: Converge

0.02 0.98 0 0 0 0 0 0
0.09 0.90 0.01 0 0 0 0 0
0 0.57 0.16 0.27 0 0 0 0
0 0 0.66 0.32 0.02 0 0 0
0 0 0 0.69 0.06 0.25 0 0
0 0 0 0 0.60 0.14 0.26 0
0 0 0 0 0 0.64 0.29 0.07
0 0 0 0 0 0 0.92 0.08



Results



● Monte Carlo sampling

● Trading strategy metric 

Sampling and Metric



Results: Optimal Scheduler



Results: Optimal Scheduler



Results: Optimal Scheduler Moves

4, 3, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 
2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 
2, 2, 2, 2, 2, 2, 2, 3, 2, 2, 2, 2, 
2, 2, 2, 3, 3, 3, 2, 2, 2, 2, 2, …



Results: Optimal Scheduler Moves

4, 3, 2, 2, 2, 2, 2, 2, 2, 2, 2, 2, 
2, 2, 2, 2, 2, 3, 3, 3, 3, 3, 3, 3, 
2, 2, 2, 2, 2, 2, 2, 3, 2, 2, 2, 2, 
2, 2, 2, 3, 3, 3, 2, 2, 2, 2, 2, …



● Trader was losing money when S&P500 performed poorly

● Take on less risk during bad market conditions

● Scheduler illuminated certain orderings of world states that made 
trader lose money

● Modify trader to account for these orderings

Tweaks to Strategy



Results: Optimal Scheduler Improved



Results: Metric Improvement

Long Short Improved Long Short

-1.95 -1.00



Discussion



● Buy and hold does reasonably well in real life

● Beats most active mutual funds

● Reinforcement learning made strong schedulers

● Schedulers gave insight into constructing better trading strategies

● Real life is not that evil (usually)

Discussion



● Buy and hold does better than most strategies

● Our system helped us come up with a decent long-short strategy

● Our modified long-short strategy was even better

● Constructed based on what the scheduler told us about original strategy

Backtesting on real data



Backtesting on real data



● Statistical model checking can be used in portfolio optimization

● Optimal schedulers give good real-world insight into when a 
trading strategy loses money

● Extremely important for hedge funds and investment banks

● Can be extended to virtually anything that can be expressed as 
an MDP or state transition diagram

● Mortgage pricing, options pricing, lattice-based term-structure modeling

Conclusion



● Simulate Brownian Motion more accurately

● Brownian bridge rather than sequential simulation

● Experiment with different world states and trading strategies 

● Optimize trading strategies with trader and scheduler locked in a 
two-player zero-sum game

● Generative Adversarial Networks (zero-sum game between neural networks)

Future Work
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