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Hybrid Systems: e.g., Car Control
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Proof theory: hybrid = continuous = discrete
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Logic for Hybrid Systems

differential dynamic logic
dC = FOLg
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Differential Dynamic Logic dZ: Syntax

Definition (Hybrid program «)
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Differential Dynamic Logic dZ: Syntax
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Differential Dynamic Logic dZ: Semantics

Definition (Hybrid program semantics) (I] : HP — o(S x S))
px:=F(x)) = {(v,w) : w=v except [x], = [f(x)],}
p(1H) = {(v,v) : v = H}
p(x' =1(x)) = {(«(0),(r)) : ¢ x" = f(x) for some duration r}

(;B8) = p(a)op(B)

p(o U p(a™)

) =
) =

(aUB; = p(a) Up(B)
) =

neN
Definition (d£ semantics) ([] : Fml = ©(S))
[0=nl ={v : [0, =}
[~6] = [o]°

[6 A vl = [6] N [¥]
[(@)é] = p(a)o[8] = {v : w = ¢ for some w : (v, w) € p(a)}
[lalo] = [~(@)—¢] = {v : w ¢ forall w: (v,w) € p(a)}

[Ix o] = {v : v] € [¢] for some r € R

LICS 7 /29
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Differential Dynamic Logic dZ: Axiomatization

(7]
[
U]
[}
[]

[x:=6]o(x) < ¢(6)

[?H]¢ < (H = ¢)

[x' = f(x)]¢ <> VE>0 [x := y ()] (v'(t) = f(¥))

[a U Bl < [a]o A [Ble

[ Bl + [a][B]o

[a*]¢ <> ¢ A [a]la”]o

[a(¢ = ) = ([el¢ — [a]y)

[a*](¢ — [a]d) = (& — [a*]0)

[a]Vv>0 (p(v) = (a)p(v — 1)) = Vv (p(v) = (@) Iv<0¢p(v))
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Differential Dynamic Logic dZ: Axiomatization

B Vx[a]¢p — [a]Vx ¢ (x € )

Vi ¢g—=ae  (FV(s)NBV(a) =)
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Differential Dynamic Logic dC: Axiomatization xj =1

[x' = f(x) & H]¢

& = A1)
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Differential Dynamic Logic dZ: Axiomatization

[x' = f(x)& H]¢

&7, [ = F)I([x' = —F(x)](H) = ¢)

X

revert flow,
check H backwards
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Differential Dynamic Logic dC: Axiomatization xj =1

[x' = f(x)& H]¢

[&] < Vig=xo[x' = f(x)]([x' = —f(x)](x0 > to = H) — gb)

X

revert flow, time xp;
check H backwards

x'=—f(x)
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“There and Back Again” Axiom of dC

[x' = f(x) & H]¢

B Wtomsolx' = NI = ~F(9](0 = 1o — H) = 0)
X
_JRR
4
revert flow, time xp; TOLI\I EN
check H backwards
x'=—f(x)
t
to = Xo r

Evolution domain axiomatizable l
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dC formulas are valid:

F ¢ implies F ¢

What about the converse?
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(si=s+2n+1Ln:=n+1) ~ s=n?
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Soundness

Theorem (Soundness)

dL calculus is sound, i.e., all provable dC formulas are valid:

F ¢ implies F ¢

What about the converse?

(s:=s+2n+1;n:=n+1)" ~ s=n

x' =5 ~  x(t) =5t+xo

x'=x ~  x(t) = xp€’

X" =—x ~  x(t) =xpcost+ x|sint
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Continuous Completeness

Theorem (Relative Completeness / Continuous)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
F ¢ iff Tautrop - ¢
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Continuous Completeness

Theorem (Relative Completeness / Continuous)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
F ¢ iff Tautrop - ¢

FOD = FOL + [x' = f(x)]F
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Continuous Completeness

Theorem (Relative Completeness / Continuous)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
F ¢ iff Tautrop - ¢

Corollary (Proof-theoretical Alignment)

proving hybrid systems = proving continuous dynamical systems!

Corollary (Compositionality)

hybrid systems can be verified by recursive decomposition

André Platzer (CMU) LICS 11/29
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Discrete Completeness

Theorem (Relative Completeness / Continuous)

dC calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
E ¢ iff Tautrop = ¢

Theorem (Relative Completeness / Discrete)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to discrete dynamics.
E ¢ iff Tautp; - ¢
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Discrete Completeness

Theorem (Relative Completeness / Continuous)

dC calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
E ¢ iff Tautrop = ¢

Theorem (Relative Completeness / Discrete)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to discrete dynamics.
E ¢ iff Tautp; - ¢

Corollary (Complete Proof-theoretical Alignment)

hybrid = continuous = discrete

Corollary (Interdisciplinary Integrability)

“Discrete computer science + continuous control are integrable”
André Platzer (CMU) LICS 12 /29
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Proof of “hybrid = continuous = discrete”
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Continuous Dynamics # Discrete Dynamics »
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Continuous Dynamics # Discrete Dynamics »

[x = Z]F [(x:=x+hz) |F
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Continuous Dynamics # Discrete Dynamics »

W =21F % [x=x+h})IF

to 4
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Continuous Dynamics # Discrete Dynamics »

i = 31F [(x:=x+ ) IF

X

h=2

3.375 + h=4
2.25 +
15+
1 4

} } } t
to 2 4 6
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Continuous Dynamics # Discrete Dynamics »

[x = Z]F [(x:=x+hz) |F

X

4.76 -

3.81

3.05 -

2.44

1.95 -
1.56 -

1.2? y

to 1 2 3 4 5 6
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Continuous Dynamics # Discrete Dynamics »

[x = Z]F vs. [(x:=x+ hZ) |F

to 1 2 3 4 5 6
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Continuous Dynamics # Discrete Dynamics »

[x'=Z]F A [(x:=x+hz) |F

to 1 2 3 4 5 6
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Continuous Dynamics # Discrete Dynamics »

[x'=Z]F 4 [(x:=x+hz) |F

to 1 2 3 4 5 6
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Discrete Euler Approximation Axiom A »

< K =f()IF
+ Fho>0V0<h<hg [(x := x + hf(x))*]F
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Discrete Euler Approximation Axiom A »

< K =f()IF
+ Fho>0V0<h<hg [(x := x + hf(x))*]F

Example (Insufficient, not global)
ExX2+y?2<1—o[X=y,y =—x]x*+y?><11 j

y Xy
T ———
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Discrete Euler Approximation Axiom A »

«— ¥ =f(x)F

 Thy>0Y0<h<ho [(x = x + hf(x))"]F (closed)
Example (Unsound for open F, only in closure)
Ex=1Ay=0-o[x=y,y=—x](x<0—=>x>+y?>1) }
v Xy
/\
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Discrete Euler Approximation Axiom A »

«— ¥ =f(x)F

— Ihy>0V0<h<hg [(x :=x + hf(x))"]F (closed)
Example (Insufficient, not global)
Fx?+y? <1 =y,y = —x]x*+y? <11 }
% xy
/\
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Discrete Euler Approximation Axiom A t'=—1»

= ¥ =f(x))F
— Vt>03ho>0Y0<h<hg [(x :==x + hf(x))"](t > 0 — F)

André Platzer (CMU) LICS 16 /29


http://symbolaris.com/meta/andre.html
http://dx.doi.org/10.1109/LICS.2012.64

Discrete Euler Approximation Axiom A t'=—1»

= ¥ =f(x))F
— Vt>03ho>0Y0<h<hg [(x :==x + hf(x))"](t > 0 — F)

%
Example (Converse unsound for open F A for closed F)

Fx=1Ay=0=[x=y,y' = -x](x <0 x*+y*>1)

y Xy
T ———
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Discrete Euler Approximation Axiom A t'=—1»

= ¥ =f(x))F

V20 3 >0Y0< h<ho [(x = x + KF(x))](t > 0 — F)  (°PEN)
Example (Unsound for closed F, only holds in the limit)
ExX2+y’=1-[x=y,y =—x]x*+y?>=1 }
v Xy
/\
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Discrete Euler Approximation Axiom A t'=—1»

< X =f(x)F
< Vt203>03ho>0V0<h<ho[(x := x+hf(x))"] (t=>0——U.(=F))
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Discrete Euler Approximation Axiom A t'=—1»

< X =f(x)F
< Vt203>03ho>0V0<h<ho[(x := x+hf(x))"] (t=>0——U.(=F))

Example () }

|=x2—|-y2<1—>[x'=y,y’=—x]x2+y2<1.1
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Discrete Euler Approximation Axiom A t'=—1»

< X =f(x)F
< Vt203>03ho>0V0<h<ho[(x := x+hf(x))"] (t=>0——U.(=F))

Example (Insufficient for closed F)
ExX?+y? <1 X =yy =-xx+y><1 }

Y Xy

T ———
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Discrete Euler Approximation Axiom A t'=—1»

< X =f(x)F (open)
& V>092>03hg>0¥0< h<ho[(x := x-+hf(x))*] (£>0——U(~F))

Example (Insufficient for closed F)
FExX?+y? <1 X =yy =-xx+y*<1 }

Y Xy

T ———
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Ayve
A Proof: Partial Covering for ,
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<
A Proof: Partial Covering for ,

domain for error bound

100 |-
| covering of neighborhoods
gol  has finite subcovering
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ApNe

A axiom for open F, but F may be closed
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Discrete Euler Approximation Axiom A xp=—1»

< X =f(x)F (open)
& V>092>03hp>0¥0< h<ho[(x := x-+hf(x))"] (£>0——U(~F))

Example (Insufficient for closed F)
FExX?+y? <1 X =yy =-xx+y*<1 }

Y Xy

T ———
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Closed Discrete Completeness (derivable) »

U [¥ = f(x)]F < V&>0[x' = f(x)[Us(F) (< B,V,GK)
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U [ = f(x)]F & V&>0[x = f(x)[Us(F) (< B\V,GK)
Example (Closed ~» Quantified Open)
Fx?+y? <1 =yy =-xx*+y* <1 }
y Xy
/\
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A axiom for open/closed F, but otherwise?
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Locally Closed Discrete Completeness (derivable) »

Example (Locally Closed ~ Open, Closed)
FOANC—[xX=y,y=—x](OAC) }
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Locally Closed Discrete Completeness (derivable) »

A [e]J(OAC) <+ [a]OAa]C (< K)
Example (Locally Closed ~ Open, Closed)
FOANC—[xX=y,y=—x](OAC) }
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Locally Closed Discrete Completeness (derivable) »

A [@](OAC) <« [a]OA[a]C (< K)

Example (Locally Closed ~ Open, Closed)
FOANC— X =y,y=-XO0N[X =y,y =—X]C }
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Semialgebraic Discrete Completeness (derivable) »

U [ =f(x)](0OVC)Ve>0[x = f(x)](0OVU(C)) (<« BV,GK)
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Example ((Open V Closed) ~ Quantified Open)
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Apwa

A axiom for semialgebraic F, but otherwise?
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Discrete Completeness

Theorem (Relative Completeness / Continuous)

dC calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
E ¢ implies Tautrop - ¢

Theorem (Relative Completeness / Discrete)

dl calculus + A is a sound & complete axiomatization of hybrid systems
relative to discrete dynamics.
E ¢ implies Tautp, - ¢

Proof Sketch.

Talked about 0-order semialgebraic

LICS'12 proves V,3 ...

LICS'12 proves [a], () with hybrid system « ...

LICS'12 proves nesting . .. O

Y
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Equi-expressibility

Theorem (Equi-expressibility)
dC (constructively) expressible in FOD and in DL:

Vo 3¢’ € FOD E ¢ > ¢
Vo Fo# € DL E ¢ < ¢#

g %
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Relative Decidability

Theorem (Relative Decidability)
Validity of dC sentences is decidable relative to FOD or DL.
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The Complete Proof Theory of Hybrid Systems
differential dynamic logic /\rw proof-theoretical alignment
dC = DL + HP [a]¢O-:Ca;§-*¢ hybrid = continuous = discrete

u

Hybrid

Discrete

Continuous
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The Complete Proof Theory of Hybrid Systems
differential dynamic logic /\rw proof-theoretical alignment
dC = DL + HP [a]¢0-:ta-;§-*¢ hybrid = continuous = discrete

§ontinj [Hybrid iscretﬁ
heor Thelor Theory

Hybrid

Continuous Discrete
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Proof by Symbolic Decomposition
¢>f<(x)::z(x =1f(x f):
(x:=f(x))¢

¢

20 (x 1= yx(t))d_p(x' = f(x

(X = ()P
p(x = y(1))’
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