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Can you trust a computer to control physics?
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Key Contributions

Q: How to build a prover with a small soundness-critical core?
A: Uniform substitution [Church]

Q: How to enable flexible yet sound reasoning?

A: Axioms with local meaning [Philosophy, Algebraic Geometry]

Q: What's the local meaning of a differential equation?
A: Differential forms [Differential Geometry]

Q: How to do hybrid systems proving?

A: Uniform substitution calculus for differential dynamic logic

Q: What's the impact of uniform substitution on a prover core?
A: 65989 \, 1651 LOC (2.5%) [KeYmaera X]
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Differential Dynamic Logic: Axiomatization

(=] [x = 0]o(x) < ¢(0) (6 free for x in ¢)
7] [Px]¢ < (x — @)
U] o U B¢ < [e]g A [Bl
L] [ez Bl¢ < [o][Ble
[ [a*]¢ < ¢ Ald][a*]¢
K al(¢ = ¢) = ([el¢ — [a])
IHal(¢ = [e]e) = (¢ — [a7]¢)

V¢ —[alp (FV(¢)nBV(a) =0)
'l [x' = 0]¢ <> V>0 [x :=x(t)]o (t fresh and X/(t) = 6)
LICS'12

André Platzer (CMU)


http://symbolaris.com/andre.html
http://dx.doi.org/10.1109/LICS.2012.64

Differential Dynamic Logic: Axioms

(=] [x:=f]p(x) « p(f)
7] [?qlp <> (g — p)
(U] [a U b]p(x) > [a]p(x) A [blp(X)
1] [a: b]p(x) < [a][b]p(X)
[ [a*]p(x) < p(x) A [a][a*]p(x)
K [a](p(x) = a(x)) — ([a]p(x) — [alq(X))
I [a*](p(x) = [alp(x)) — (p(X) = [a"]p(X))

Vp—[alp

CADE’15
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Differential Dynamic Logic: Comparison

[x:=flp(x) < p(f) (=] [x:=0]o(x) < ¢(0)
[?alp > (g — p) U Pxle < (x = ¢)

[aU b]p(X) < [a]p(X) A [b]p(X) U] [ U B¢ < [a]é A [Bo
[a; blp(x) < [a][b]p(X) [] [e: Bl < [a][B9
[a*]p(x) > p(x) A [a][a*] p(x) '] [a*]¢ < ¢ Ala][a"]¢

[al(p(x) = a(x)) = ([a]p(x) = [a]a(x)) K [el(¢ = ) = ([a]d — [a]¢)
[a"](p(x) = [alp(x)) = (p(x) = [a"]p(X)) | [a"](¢ = [a]®) = (& — [a"]9)
p— [alp V¢ —[alo

['] [x = 0]¢ < Vt>0[x:=x(t)]¢
CADE'15 LICS'12
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Differential Dynamic Logic: Comparison

[x:=flp(x) < p(f) (=] [x:=0]o(x) < ¢(0)
[?alp > (g — p) U 7xle < (x = ¢)
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[a; blp(x) < [a][b]p(X) [] [e: Bl < [a][Bl9
[a*]p(x) > p(x) A [a][a*] p(x) '] [a*]¢ < ¢ Ala][a”]¢

[A(p(%) = a(2)) = (1ap() — [a(®) K [ol(@ —¥) = ([a]6 — [a])
1 agliP) — ()~ B ) |l g (0 (719
p— [ Vo~ lolo

['] [x = 0]¢ < Vt>0[x:=x(t)]¢
CADE'15 LICS'12
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Axiom vs. Axiom Schema

[a U blp(X) ¢ [alp(X) A [b]p(X) [a U Bl¢ < [a]o A [Blo

p—lalp ¢ = alo ...
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Axiom vs. Axiom Schema

[a U blp(X) ¢ [alp(X) A [b]p(X) [a U Bl¢ < [a]o A [Blo

p—lalp ¢ = alo ...

e x=0—[/=5x=0
e x=y—[y=5x=y
ex=z—[y=5x=z
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Axiom vs. Axiom Schema

[a U blp(X) ¢ [alp(X) A [b]p(X) [a U Bl¢ < [a]o A [Blo

p—lalp ¢ = alo ...

V x=0—=[y/=5x=0
X x=y—=[y=5x=y
V x=z—=[yY=5x=z
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Axiom vs. Axiom Schema: Formula vs. Algorithm

[a U blp(X) ¢ [alp(X) A [b]p(X) [a U Bl¢ < [a]o A [Blo

p—lalp ¢ = alo ...

V x=0—=[y/=5x=0
X x=y—=[y=5x=y
V x=z—=[yY=5x=z

André Platzer (CMU)


http://symbolaris.com/andre.html

Generic Formulas in Axioms are like Generic Points

An analogy from algebraic geometry J

with side conditions are like

Ix ax? + bx + ¢ = 0 iff b2 > 4ac

Aepn sty
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Generic Formulas in Axioms are like Generic Points

An analogy from algebraic geometry J

with side conditions are like

Ix ax? 4+ bx + ¢ = 0 iff b?> > 4ac except a = 0 except b = 0 except ¢ = 0

Aepn sty

Avdlennisr  Generic formulas in axioms are like generic points

ax® + bx+c = 0iff x = —b + Vb2 — 4ac/(2a)

Paying attention during substitutions to avoid degenerates: no /0 or \/—1
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Axioms vs. Axiom Schemata: Philosophy Affects Provers

v
v
v
v
v
v
X
v
v
v
X

Soundness easier: literal formula, not instantiation mechanism

An axiom is one formula. Axiom schema is a decision algorithm.
Generic formula, not some shape with characterization of exceptions
No schema variable or meta variable algorithms

No matching mechanisms / unification in prover kernel

No side condition subtlety or occurrence pattern checks (per schema)
Need other means of instantiating axioms: uniform substitution (US)
US + renaming: isolate static semantics

US independent from axioms: modular logic vs. prover separation
More flexible by syntactic contextual equivalence

Extra proofs branches since instantiation is explicit proof step
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Axioms vs. Axiom Schemata: Philosophy Affects Provers

v
v
v
v
v
v
X
v
v
v
X

Soundness easier: literal formula, not instantiation mechanism

An axiom is one formula. Axiom schema is a decision algorithm.
Generic formula, not some shape with characterization of exceptions
No schema variable or meta variable algorithms

No matching mechanisms / unification in prover kernel

No side condition subtlety or occurrence pattern checks (per schema)
Need other means of instantiating axioms: uniform substitution (US)
US + renaming: isolate static semantics

US independent from axioms: modular logic vs. prover separation
More flexible by syntactic contextual equivalence

Extra proofs branches since instantiation is explicit proof step

>~ Net win for soundness since significantly simpler prover
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KeYmaera X Microkernel for Soundness

KeYmaera X 1652 hybrid

KeYmaera 65989 > prover

KeY 51328 } Java

Nuprl 15000 + 50000 \

MetaPRL 8196

lsabelle/Pure 8913 | general
math

Coq 16538

HOL Light 396 )

PHAVer 30000 \

HSolver 20000

SpaceEx 100000 [ hybrid

Flow* 25000 verifier

dReal 50000 —+ millions

HyCreate?2 6081 + user model analysis

Disclaimer: Self-reported estimates of the soundness-critical lines of code + rules
André Platzer (CMU) 13 / 46
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p( )

us 2

a(¢)
provided F\V(o |5 (5)) N BU®(-)) = () for each operation ©(0) in ¢

i.e. bound variables U = BV(®(-)) of operator ®
are not free in the substitution on its argument ¢ (U-admissible)

[2U blp(%) > [alp(%) A [b]p(X)

S
v [x =x4+1Ux=1x>0¢[x:=x+1x>0A[x=1]x >0
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p( )

_?
(o)
provided F\V(o |5 (5)) N BU®(-)) = () for each operation ©(0) in ¢

us

i.e. bound variables U = BV(®(-)) of operator ®
are not free in the substitution on its argument ¢ (U-admissible)
Uniform substitution o replaces all occurrences of p(6) for any 6 by (0)
function f(0) for any 6 by n(6)
quantifier C(¢) for any ¢ by ()
program const. a by «

[2U blp(%) > [alp(%) A [b]p(X)

S
v [x =x4+1Ux=1x>0¢[x:=x+1x>0A[x=1]x >0
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Uniform Substitution: Definition expanded explicitly

a(f(6))

for function symbol f € o

Q.
[0}
-

for predicate symbol p € o

for program constant a € o

)
—~~
=
2.
<
N N N N N S | N N N N S| N N
T Y 1 1 O 1 e |
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Uniform Substitution: Definition expanded explicitly

a(f(0)) = (a(f))(a(0)) for function symbol f € &
L= a(O)}of ()

for predicate symbol p € o

for program constant a € o
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Uniform Substitution: Definition expanded explicitly

a(f(0)) = (a(f))(a(0)) for function symbol f € &
ER R ONCHO)
o(@+n) = a(0)+a(n)
a((0)

for predicate symbol p € o

for program constant a € o
o(x:=46
o(xX' =f(x)&Q

) =
)
)
)
)
)
a([a]9)
)
)
)
olaUp)

5)

a’)
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Uniform Substitution: Definition expanded explicitly
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Uniform Substitution: Definition expanded explicitly

a(f(8)) = (a(F))(a(6))
L ()Mo f ()
o(@+n) = a(0)+a(n)
o((6)) = (a(8))

for function symbol f € o

if ¢ ¥V UV’ -admissible for 6

a(p(0)) = (o(p))(a(0))
U(C(¢) a(C)(o(9))

for predicate symbol p € o
if o VUV -admissible for ¢, C €

o(x:=46

) =
) =
) =
)
)
x ¢)
([04]¢)
)
)
o(x' = f(x) & Qg

:B)

o)

André Platzer (CMU)
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Uniform Substitution: Definition expanded explicitly

a(£(9)) = (o(F))(a(6))
L ()Mo f ()

for function symbol f € o

a(@+n) = a(0) +o(n)
a((8)) = (a(0)) if o V UV’ -admissible for 6
a(p(8)) = (a(p))(a(8)) for predicate symbol p € &
a(C(9)) = a(C)(o(0)) if VUV -admissible for ¢, C €
(<(15 A ¢; = o(d) Na(y)
o(lel¢) =
o(a) = for program constant a € o
o(x:=0) =
o(xX' =f(x)&Q) =
o(aUp) =
o(a; B) =
o(a") =
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Uniform Substitution: Definition expanded explicitly

a(f(0)) = (a(f))(co(0)) for function symbol f € o
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a(@+n) = a(0) +o(n)

a((8)) = (a(0)) if o V UV’ -admissible for 6
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Uniform Substitution: Definition expanded explicitly

a(f(0)) = (a(f))(a(0)) for function symbol f € &

= o 0 (0)}of ()
a(@+n) = a(0) +o(n)

a((8)) = (a(0)) if o V UV’ -admissible for 6
a(p(8)) = (a(p))(a(8)) for predicate symbol p € &
a(C(9)) = a(C)(o(0)) if VUV -admissible for ¢, C €
a(¢pNy) = a(¢) No(¥)

o(Vx ¢) = Vxo(p) if 0 {x}-admissible for ¢

o([a]9) = [o(a)]o(o) if o BV(o(«v))-admissible for ¢
o(a) = oa for program constant a € o
o(x:=0) = x:=0(0)
o(xX' =f(x)& Q) = x' = o(f(x))&o(Q) if o {x,x"}-admissible for f(x), G
o(aUp) = o(a) Ua(p)
o(a; B) = o(a); () if 0 BV(o(«))-admissible for 8
a(a*) = (o(a))” if o BV(o(a))-admissible for o
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Uniform Substitution: Examples

[x:= f]p(x) <> p(f)
[x=x+1x#x < x+1#x

o ={f = x+1,p(-) = (- # x)}

[x :=flp(x) < p(f)
[x := x?][(z := x+2)"; 2 := x+yz]ly>x + [(z := x2+2Z7); z := x2+yz]y >x2
with o = {f = x2,p(-) = [(z:=-+2)z:=-+yzly > -}

p— lalp
x>0—=[x=-1]x>0

c={a—x'=-1,p— x>0}

(—x)2>0 p(x)
K =—1(x2>0  [ap(x)

o={arx'=-1p(:) = (—)* >0}
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Uniform Substitution: Examples
= flpb) o ptr) IR #x

[x=x+1x#x < x+1#x
[x == flp(x) < p(f)
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with o = {f = x2,p(-) = [(z:=-+2)z:=-+yzly > -}
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c={a—x'=-1,p— x>0}
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Uniform Substitution: Examples

[x:= flp(x) + p(f) /- o={fx+1p()— (- £x)}

[x=x+1x#x < x+1#x
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[x := x?][(z := x+2)"; z := x+yz]ly>x & [(z := x242Z"); z := x2+yz]y >x2
with o = {f =% p(-) = [(z:=-+2)z:=-+yzly > -}
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Uniform Substitution: Examples

[x:= flp(x) + p(f) /- o={fx+1p()— (- £x)}

[x=x+1x#x < x+1#x

e = flp(x) < p(r) [Comrect]

[x := x?][(z := x+2)"; z := x+yz]ly>x & [(z := x242Z"); z := x2+yz]y >x2
with o = {f =% p(-) = [(z:=-+2)z:=-+yzly > -}

%
P [a]p/l oc={a—x'=-1,p— x>0}

x>0—=[x=-1]x>0

(—x)*>0 —b P() o={ar—x'=-1,p(-) = (—)? > 0}

K =—1(x)2>0  [dp(x)
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Uniform Substitution: Contextual Congruence Example

p(x) < q(x)

CE
C(p(x)) < C(a(x)

[x:=x)x <1l x?<1
CE
X =x3Ux'=-1][x =x?[x <1+ ¥ =x3Ux'=-1]x> <1
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Uniform Substitution: Contextual Congruence Example

p(x) < q(x)
C(p(x)) < C(q(x)

CE

[x=x]x <1l x?<1
CE
X =x3Ux'=-1][x =x?[x <1+ ¥ =x3Ux'=-1]x> <1

Theorem (Soundness)

1 o(¢1) ... a(¢n)

a(¢)

% locally sound  implies

locally sound

¥
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Uniform Substitution: Contextual Congruence Example

p(x) < q(x)

CE
C(p(x)) < C(a(x)

[x:=x)x <1l x?<1
CE
X =x3Ux'=-1][x =x?[x <1+ ¥ =x3Ux'=-1]x> <1

Theorem (Soundness)

1 o(¢1) ... a(¢n)

a(¢)

% locally sound  implies locally sound

Y
Locally sound

The conclusion is valid in any interpretation / in which the premises are.
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Correctness of Uniform Substitutions

“Syntactic uniform substitution = semantic replacement”

Lemma (Uniform substitution lemma)

Uniform substitution o and its adjoint interpretation o}l to o for |,v have

the same semantics:
Ivo(0)] = o, 1v[0]

v € l[o(¢)] iffv € a}l[4]
(v,w) € l[o(a)] iff (v,w) € o, 1]c]

0t o(0) | Iv]o(0)]

N

oylv]6]

18 / 46
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Uniform Substitution

Theorem (Soundness) replace all occurrences of p( )

us 2

a(¢)

provided F\V(o |5 (5)) N BU®(-)) = () for each operation ©(0) in ¢

If premise ¢ valid, i.e. v € I[¢] in all I,v
Then conclusion o(¢) valid, because v € I[o(¢)] iff v € o} I[¢] O
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http://symbolaris.com/andre.html

Solving Differential Equations? By Axiom Schema?

[l [x = 0]¢ <> Vt>0[x:=x(t)]¢

LICS'12

André Platzer (CMU)
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Solving Differential Equations? By Axiom Schema?

[l [x' = 0]¢ <> Vt>0[x :=x(t)]p (t fresh and x'(t) = 0)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: x(-) solves the ODE x'(t) =0
with x(-) plugged in for x in

@ Initial value check: x(-) solves the symbolic IVP x(0) = x

Quite nontrivial soundness-critical algorithms . ..

LICS'12
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Solving Differential Equations? By Axiom Schema?

[l [x' = 0]¢ <> Vt>0[x :=x(t)]p (t fresh and x'(t) = 0)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: x(-) solves the ODE x'(t) =0
with x(-) plugged in for x in

@ Initial value check: x(-) solves the symbolic IVP x(0) = x

© x(-) covers all solutions parametrically

Quite nontrivial soundness-critical algorithms . ..

LICS'12
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Solving Differential Equations? By Axiom Schema?

[l [x' = 0]¢ <> Vt>0[x :=x(t)]p (t fresh and x'(t) = 0)

Axiom schema with side conditions:
@ Occurs check: t fresh

@ Solution check: x(-) solves the ODE x'(t) =0
with x(-) plugged in for x in

@ Initial value check: x(-) solves the symbolic IVP x(0) = x
© x(-) covers all solutions parametrically
@ X’ cannot occur free in ¢

Quite nontrivial soundness-critical algorithms . ..

LICS'12
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Differential Equation Axioms & Differential Axioms

DW [x" = f(x) & q(x)]a(x)

oe (K =F(x) &a(x)lp(x) < [X' = F(x) & a()Ar(x)]p(x))
— X =) &q(x)]r(x)
DE [X' = f(x) & q(x)]p(x, x') & [x" = f(x) & q(x)][x" = F(x)]p(x, X')

DI ([x" = f(x) & q(x)]p(x) > [?a(x)]p(x)) « [x" = f(x) & q(x)](p(x))’
DG [x' = f(x) & q(x)]p(x) <> Ty [x" = f(x),y" = a(x)y + b(x) & q(x)]p(x)
DS [x' = f & q(x)]p(x) +> Vt>0 ((VOSsgt q(x+1s)) — [x :zx—l—ft]p(x))

(=] [x":=flp(X) < p(f)

+(F(x) + g(x) = (F(x)) + (g(x))

T (f(x) - g(x)) = (F(x)) - g(x) + £(x) - (&(x))

o Iy =gy = 1((F(g(x))) = (FV))" - (&(x)))

CADE'15

André Platzer (CMU) 21 / 46
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Differential Invariants for Differential Equations

Q—[x =f(X)](F)
F—[x" = f(x) & Q]F

F—=[x' =f(x)& Q]C F—[x =f(x)& QAC]F
F—[x" = f(x) & Q|F

Differential Ghost
F+3yG6 G—[xX =f(x),y =g(xy)&Q]G
F—[x" = f(x) & Q]F

if new y’ = g(x, y) has a global solution

JLogComput'10,LMCS'12, LICS'12,JAR'16


http://symbolaris.com/andre.html
http://dx.doi.org/10.1093/logcom/exn070
http://dx.doi.org/10.2168/LMCS-8(4:16)2012
http://dx.doi.org/10.1109/LICS.2012.13
http://dx.doi.org/10.1007/s10817-016-9385-1

Differential Equation Axioms

Axiom (Differential Weakening) (CADE'15)
DW [ = f(x) & q(x)]a(x)

1 0 r
/
X

= f(x) & q(x)

Differential equations cannot leave their evolution domains. Implies:

[ = f(x) & q(x)]p(x) <> [ = f(x) & q(x)](q(x) = p(x))
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http://symbolaris.com/andre.html
http://dx.doi.org/10.1007/978-3-319-21401-6_32

Differential Equation Axioms

Axiom (Differential Cut)

(X' = f(x) & q(x)]p(x) © [x" = f(x) & q(x)Ar(x)]p(x))

PO W = () & a(0)]r (%)

........

0 r
X' = f(x) & q(x) TIIIIIIIIIIN

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).

24 / 46
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Differential Equation Axioms

Axiom (Differential Cut)
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— X' = f(x) & q(x)]r(x)

DC

"o ro T
!
X

—foeax) oo

R

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).

André Platzer (CMU) 24 / 46


http://symbolaris.com/andre.html
http://dx.doi.org/10.1007/978-3-319-21401-6_32

Differential Equation Axioms

Axiom (Differential Cut)
([x' = F(x) & g(x)]p(x) < [x' = (x) & g(x)Ar(x)]p(x))

DC
— X' = F(x) & q(x)]r(x)
X S
. A |
sttt
N
:’ :\E:::///
| T
0, I .
X' = f(x) & q(x) TIIIIIIUUIIN

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms

Axiom (Differential Cut)

(X' = f(x) & q(x)]p(x) © [x" = f(x) & q(x)Ar(x)]p(x))

PO W = () & a(0)]r (%)

|0 ro L,
X' = f(x) & q(x) SEOREBRRRRA.

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
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Differential Equation Axioms

Axiom (Differential Cut)

(X' = f(x) & q(x)]p(x) © [x" = f(x) & q(x)Ar(x)]p(x))

PO W = () & a(0)]r (%)

"o ro T
!
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Differential Equation Axioms

Axiom (Differential Invariant)

Differential invariant: if p(x) true now and if differential (p(x))’ true

always
What's the differential of a formula???
What's the meaning of a differential term ...in a state???

André Platzer (CMU) 24 / 46
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Differential Equation Axioms

Axiom (Differential Effect)

T T t
0 r
x' = f(x) & q(x)

Effect of differential equation on differential symbol x’
[x:= f(x)] instantly mimics continuous effect [x" = f(x)] on x’
[x":= f(x)] selects vector field x’ = f(x) for subsequent differentials
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Differential Equation Axioms

Axiom (Differential Ghost)

% Mo

y' = a(x)y + b(x) 0

Differential ghost/auxiliaries: extra differential equations that exist
Can cause new invariants
“Dark matter” counterweight to balance conserved quantities
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Differential Equation Axioms

Axiom (Differential Solution) (CADE'15)
DS [x' = f&q(x)]p(x) +» V>0 ((VO<s<t q(x+£5)) = [x := x+1t]p(x))

'0, r 0 r
X

= f(x) &q(x) X' =f&q(x)

Differential solutions: solve differential equations
with DG,DC and inverse companions
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Example: Differential Invariants Don't Solve. Prove! »

Dl xx>1 =[x =x3xx>1

André Platzer (CMU) 25 / 46
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Example: Differential Invariants Don't Solve. Prove!

@ DI proves a property of an ODE inductively by its differentials

DE [X’ — X3](X-X > 1)/
Dl xx>1 =[x =x3xx>1
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials
@ DE exports vector field, possibly after DW exports evolution domain

CE [x" = x3][x" :==x3](x-x > 1)
DE X = x3](xx > 1)
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials
@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

C X =3 = X3 x4x x>0 T (xx > 1) < X' x + xx >0
CE [x" = x3][x" :==x3](x-x > 1)

DE [X’ — X3](X-X > 1)/

DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

(=T = x3]x x4+ x-x' > 0
C X =3 = X3 x4x x>0 T (xx > 1) < X' x + xx >0
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

© [':=] differential substitution uses vector field

RBx+xx3 >0
(=l [x" :=x3]x"x + x-x' >0
C X =3 = X3 x4x x>0 T (xx > 1) < X' x + xx >0

CE [x" = x3][x" :==x3](x-x > 1)
DE [XI = X3](X-X Z 1)’
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

© [':=] differential substitution uses vector field

*
B 3 x+xx3>0 (x-x)" = x"x+ xx
(=] [x" :=x3]x"x + x-x' >0 CQ (xx) >0 ¢ X' x+ xx' >0
C X =X3X =3 x4xx>0 T (xx>1) © X x +xx >0
CE [x" = x3][x" :==x3](x-x > 1)
DE [X/ — X3](X.X > 1)/
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xx>1 =[x =x3xx>1
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

© [':=] differential substitution uses vector field

R PR TS0 Loy S bl
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Example: Differential Invariants Don’t Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

© [':=] differential substitution uses vector field

@ -/ differential computations are axiomatic (US)

T (F(%)e(x)) = (f(x)) -g(R)+F(%)-(g(x))
S U Gen) = () x X )
x3x+xx>>0 (xx) = x"x+xx

['=] [x" :=x3]x"x + x-x' >0 CQ (xx) >0 ¢ X' x+ xx' >0
¢ W =X = xxx>0  (xx>1) & X x+xx >0

R

CE [x" = x3][x" :==x3](x-x > 1)
DE [XI = X3](X-X Z 1),
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Don’t Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

© [':=] differential substitution uses vector field

@ -/ differential computations are axiomatic (US)

(f(X) g(X)): = (f(x x))-g(X)+f(x)-((x))’
B 3 x+xx3>0 Exxg —E()X—i—tx()
U=l [ =3 x +xx > 0 @ (xx) >0 Xx+xx >0
[x' = x3)[x =3 x+xx'>0  (xx>1) < x'x+xx >0
SE [x" = x3][x" :==x3](x-x > 1)
- [x' = x3](x-x > 1)

xx>1 =[x =x3xx>1
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Example: Soundly Solving Differential Equations

@ DG introduces time t, DC cuts solution in, that DI proves and
@ DW exports to postcondition

© inverse DC removes evolution domain constraints

@ inverse DG removes original ODE

@ DS solves remaining ODE for time

*

R 5¥s>0(x0 + 25° + vos > 0)
[=lp 5Vs>0[t:=0+ 1s]xo + 2t + vot > 0
D% [t' =1]xo + 22 + vt > 0

DG¢—>v':a,t':l]xo—|—§t2—|—vot20

DG¢—>X':v,v':a,t':l]xo—i—gtz—i—votzo
DL¢—>X’:v,v’:a,t’:l&v:vo—i—at]xo—i—gtz—i—votzo

P9 s =v,v =at/ =1&v=w+at Ax=x+ 3t + wt]x + 2t° + vt > 0
G'Kqﬁ—)x':v,v':a,t'zl&v:vo—i—at/\x:xo—l—gtz—l—vot (x:xo—i—gtz—i—vot—)XZO)
DWd)—)X’:V,V’:a,t/:1&V:V0+at/\X:X0+gt2+VotX20

PCy) Sx =v,v =a,t =1&v=v+at]x >0

PCo X =v,v =a,t' =1]x >0
¢ —=Jt[x =v,v =a,t' =1]x >0
PCh SX =v,v =alx >0
André Platzer (CMU) 26 / 46
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Differential Substitution Lemmas

Lemma (Differential lemma)

Ifl,0 E x' = f(x) A Q for duration r > 0, then for all 0 < ¢ < r:

BT /(0101 = L2 ) <R

Lemma (Differential assignment)

Ifl, o Ex' =f(x)AQ thenl,p = ¢ < [x' :=Ff(x)]¢

Lemma (Derivations)

(F(x) +&(x)) = (F(x)) + (e(x))
(f(x) - g(x))" = (f(x))" - g(%) + f(%) - (&(x))
ly == FRI = 1((F(F(x))) = (F(y)) - (F(X)))  fory,y & ()

(fY =0 for arity 0 functions/nr
André Platzer (CMU) 28 / 46
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e Differential-form Differential Dynamic Logic
@ Syntax
@ Semantics
o Differential Substitution Lemmas
@ Contextual Congruences
@ Parametric Computational Proofs
@ Static Semantics

André Platzer (CMU) 28 / 46


http://symbolaris.com/andre.html

Differential Equation Axioms

Axiom (Differential Invariant)

Differential invariant: if p(x) true now and if differential (p(x))’ true

always
What's the differential of a formula???
What's the meaning of a differential term ...in a state???

André Platzer (CMU) 29 / 46
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Differential-form Differential Dynamic Logic: Syntax

Definition (Hybrid program «)

alx=0|x=0|7Q|xX =f(x)&Q|aUB|a;B]|a"

0>n]p(1,....00) | ~¢ | oA [ Vx| Ixe | [a]o | ()¢
Definition (Term 60)

x| x| f(01,...,06) | O0+n|0-n]|(0)
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Differential-form Differential Dynamic Logic: Syntax

Nondetj
Repeat

Discrete
Assign

Test Differential Nondet.
Condition J | Equation

Definition (Hybrid program «)

alx=0|x=0]7Q| X =fx)&Q | aUB|a;B]|a*

Definition (d Formula ¢)

0>n]p(1,....00) | ~¢ | oA [ Vx| Ixe | [a]o | ()¢
Definition (Term 60)

x| x| f(b1,...,
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Differential-form Differential Dynamic Logic: Syntax

Program || Discrete | | Differential
Constant|| Assign Assign

Definition (Hybrid program «)

alx=0|x=0|7Q|xX =f(x)&Q|aUB|a;B]|a"

Definition (d Formula ¢)

0>n]p(1,....00) | ~¢ | oA [ Vx| Ixe | [a]o | ()¢
Definition (Term 60)

x| x| f(01,...,06) | O0+n|0-n]|(0)

Differential

Symbol Differential
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Differential-form Differential Dynamic Logic: Semantics

Definition (Term semantics) (I]: Trm — (S — R))

i1 = ¥ )2 ) = 30 00y 2210

Definition (d£ semantics) ([] : Fml = ©(S))

IC@)] = 1(O)(/4])

)¢l = 1] o 114]

IMledel = IM~(a)~¢]

Definition (Program semantics) ([] : HP — o(S x S))
X = ()& Q1 = {(p(O)]y3:2(r)) © o = = F(x) A Q}
NMeew gl = IMequIls]
Mo B8] = /|[Oé]] 171
o] = (1e])” = U Mo”1

neN

André Platzer (CMU)
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Differential Substitution Lemmas

Lemma (Differential lemma)

Ifl,o = x" = f(x) A Q for duration r > 0, then for all 0 < { < r:

SRR 1,0y 0y = 2200 ) <N

Ifl, o Ex' =f(x)AQ thenl,p = ¢ < [x' :=Ff(x)]¢

Lemma (Derivations)

(0 +n) =(0) +(n)
0-n) =) -n+6-(n)
[y :==0lly" :==11((F(0)) = (f(y)) - (8)") fory,y' &6

(f) =0 for arity 0 functions/numbers f

André Platzer (CMU) 32/ 46
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Differential Equation Axioms & Differential Axioms

DW [x" = f(x) & q(x)]a(x)

oe (K =F(x) &a(x)lp(x) < [X' = F(x) & a()Ar(x)]p(x))
— X =) &q(x)]r(x)
DE [X' = f(x) & q(x)]p(x, x') & [x" = f(x) & q(x)][x" = F(x)]p(x, X')

DI ([x" = f(x) & q(x)]p(x) > [?a(x)]p(x)) « [x" = f(x) & q(x)](p(x))’
DG [x' = f(x) & q(x)]p(x) <> Ty [x" = f(x),y" = a(x)y + b(x) & q(x)]p(x)
DS [x' = f & q(x)]p(x) +> Vt>0 ((VOSsgt q(x+1s)) — [x :zx—l—ft]p(x))

(=] [x":=flp(X) < p(f)

+(F(x) + g(x) = (F(x)) + (g(x))

T (f(x) - g(x)) = (F(x)) - g(x) + £(x) - (&(x))

o Iy =gy = 1((F(g(x))) = (FV))" - (&(x)))

CADE'15
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Differential Dynamic Logic: Axioms

P(X)
a1p(%)
p(x)
Vx p(x)
yp P4 P
q
(%) = £(%)
T @) = e ®)
(%) = g(%)
LR © )
p(%) ¢ q(%)

C(p(x)) < C(q(x))

CADE’15
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Example: Differential Invariants Don't Solve. Prove! »

@ DI proves a property of an ODE inductively by its differentials

@ DE exports vector field, possibly after DW exports evolution domain
© CE+CQ reason efficiently in Equivalence or eQuational context

Q G isolates postcondition

© [':=] differential substitution uses vector field

*
B 3 x+xx3>0 (x-x)" = x"x+ xx
(=] [x" :=x3]x"x + x-x' >0 CQ (xx) >0 ¢ X' x+ xx' >0
C X =X3X =3 x4xx>0 T (xx>1) © X x +xx >0
CE [x" = x3][x" :==x3](x-x > 1)
DE [X/ — X3](X.X > 1)/
DI

xx>1 =[x =x3xx>1

André Platzer (CMU) 35/ 46


http://symbolaris.com/andre.html

Example: Syntactic Contextual Congruence by US

f(x) = &(x)

“QNF®) © )

(x - x)=x"x+x-x

(xx) >0 x"-x+x-x>0

cQ

p(x) < q(X)
C(p(x)) < C(q(x))

CE

(xx>1) e x x+x-x>0
CE[x’ =x3[x =x3](x - x > 1) + [x = x3][x :=x3]x" - x + x-x' >0
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Example: Syntactic Contextual Congruence by US

f(x) = &(x)

“QNF®) © )

(x - x)=x"x+x-x
(xx) >0 x"-x+x-x>0

with o~ p(-) i+ 2 0,£(-) 1 (() - (D) 8() = () () + () ()

cQ

p(x) < q(X)

CE
C(p(x)) + C(q(x))

(xx>1) e x x+x-x>0

CE[X’ =x3[x =x3](x - x > 1) + [x = x3][x :=x3]x" - x + x-x' >0

with
o~ €O X = I = p(R) = () 2 1), q(R) o 4+ -
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Example: Syntactic Contextual Congruence by US

f(x) = &(x)

“QNF®) © )

(x - x)=x"x+x-x

C
Q(x-x)’20<—)x'-x—|-x-x’20

with o &~ p(:) =+ > 0,f(X) = (x - x)', g(X) — x" - x + x - X'

p(X) < q(X)

CE
C(p(x)) + C(q(x))

(xx>1) e x x+x-x>0
CE[X’ =x3[x =x3](x - x > 1) + [x = x3][x :=x3]x" - x + x-x' >0

with o~ C() = [x¥' = x3]p(X) = (x - x > 1), q(X) = x - x+x-x' >0
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Example: Differential Invariants Parametric

ce i = I = x> 1)
DE [ = 5] (xx > 1)
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

¢ ¥ =x3¥ =x3j(x,x') >0 (xx>1) < j(x,x') >0
CE [x = x3[x" :==x3](x-x > 1)
DE [XI _ X3](X'X > 1)/

DI xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[":=] to isolate differentially substituted postcondition

(=T = x3]j(x. x') > 0

¢ ¥ =x3¥ =x3j(x,x') >0 (xx>1) < j(x,x') >0
CE [x = x3[x" :==x3](x-x > 1)
DE [XI _ X3](X'X > 1)/

DI xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[":=] to isolate differentially substituted postcondition

Jj(x,x3) >0
[=] [x:==x3]j(x,x) >0
G [x" = x3[x" :==x%]j(x,x') > 0 (xx>1) < j(x,x')>0
CE [x = x3[x" :==x3](x-x > 1)
DE [XI _ X3](X'X > 1)/

DI xx>1 =[x =x3xx>1

André Platzer (CMU) 37/ 46


http://symbolaris.com/andre.html

Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[":=] to isolate differentially substituted postcondition
© Construct parametric j(x, x') by axiomatic differential computation

j(x,x3) >0
U= = x3j(x, ) > 0 Qx-x) >0 o j(x.xX) >0
[x' = x3[x" :==x3]j(x,x) >0 (xx>1) < j(x,x') >0
;E [x = x3[x" :==x3](x-x > 1)
£ [x = x3](x-x > 1)

DI xx>1 =[x =x3xx>1
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http://symbolaris.com/andre.html

Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation
@ Again G,[":=] to isolate differentially substituted postcondition
© Construct parametric j(x, x') by axiomatic differential computation

%) 2 0 Gex)) = o, X
U= I = x3j(x.x) > 0 “Qx-x) >0 ¢ j(x,x) >0
¢ ¥ =x3¥ =x3j(x,x') >0 (xx>1) < j(x,x') >0
CE [x = x3[x" :==x3](x-x > 1)
DE [X' — X3](X'X > 1)/

DI xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[":=] to isolate differentially substituted postcondition

© Construct parametric j(x, x') by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x" - x + x - x}

J(x,x*) >0 (x-x) = j(x,x'
[:=] [/ Z:X3]j(X,X/) >0 CQ(X-X)/ >0 < j(x, x ) >0
[x' = x3[x" :==x3]j(x,x) >0 (xx>1) < j(x,x') >0
CE [x = x3[x" :==x3](x-x > 1)
DE [X' — X3](X'X > 1)/
DI xx>1 =[x =x3xx>1
B3 x+xx3>0 X (x-x) =x"x+ xx'
USR

xx>1 =[x =x3xx>1
André Platzer (CMU) 37/ 46


http://symbolaris.com/andre.html

Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[":=] to isolate differentially substituted postcondition

© Construct parametric j(x, x') by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x" - x + x - x}

R Gex)l = i,
U= I = x3j(x.x) > 0 Qxx) >0 ¢ j(x,x) > 0
[x' = x3[x" :==x3]j(x,x) >0 (xx>1) < j(x,x') >0
CE [x = x3[x" :==x3](x-x > 1)
DE [X' — X3](X'X > 1)/
DI xx>1 =[x =x3xx>1
*
B3 x+xx3>0 X (x-x) =x"x+ xx'
USR

xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric

@ Free function j(x, x") for parametric differential computation

@ Again G,[":=] to isolate differentially substituted postcondition

© Construct parametric j(x, x') by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x" - x + x - x}

R Gex)l = i,
U= I = x3j(x.x) > 0 Qxx) >0 ¢ j(x,x) > 0
¢ ¥ =x3¥ =x3j(x,x') >0 (xx>1) < j(x,x') >0
CE [x = x3[x" :==x3](x-x > 1)
DE [X' — X3](X'X > 1)/
DI xx>1 =[x =x3xx>1
* v (xx) = () x4 x(x)f
BEx3x+xx3>0 X (x:x) = x"x+xx
USR xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[":=] to isolate differentially substituted postcondition

© Construct parametric j(x, x') by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x" - x + x - x}

, Jj(x,x*) >0 (x-x) = j(x,x'
= [ = () 2 0 Q) = 06 j(xx) 2 0
[x' = x3[x" :==x3]j(x,x) >0 (xx>1) < j(x,x') >0

CE [x = x3[x" :==x3](x-x > 1)

DE [X' — X3](X'X > 1)/

DI xx>1 =[x =x3xx>1

FRe@) = ()6 + F-e®)
* Uf (x-x) = (x)x + x-(x)’
BEx3x+xx3>0 x (x:x) = x"x+xx
USR

xx>1 =[x =x3xx>1
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Example: Differential Invariants Parametric »

@ Free function j(x, x") for parametric differential computation

@ Again G,[":=] to isolate differentially substituted postcondition

© Construct parametric j(x, x') by axiomatic differential computation
@ USR instantiates proof by {j(x,x") — x" - x + x - x}

, Jj(x,x*) >0 (x-x) = j(x,x'
= [ = () 2 0 Q) = 06 j(xx) 2 0
[x' = x3[x" :==x3]j(x,x) >0 (xx>1) < j(x,x') >0

CE [x = x3[x" :==x3](x-x > 1)

DE [X' — X3](X'X > 1)/

DI xx>1 =[x =x3xx>1

@) = (FER)-6() + F-e®)
* Uf (x-x) = (x)x + x-(x)’
BEx3x+xx3>0 x (x:x) = x"x+xx
USR

xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

CE [x" = x3[x" :==x3](xx > 1)
DE X = 0cx > 1)
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

© Start with identity differential computation result

T o) =)
CE [x" = x3[x" :==x3](xx > 1)
DE X = 0cx > 1)

bl xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

= o) =)
CE [x" = x3[x" :==x3](xx > 1)
DE X = 0cx > 1)

bl xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves
@ Construct differential computation result forward by -/

CE [x" = x3[x" :==x3](xx > 1)
DE X = 0cx > 1)

bl xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves
@ Construct differential computation result forward by - x’

f ) = (xx)
o xex) =) x A xe(x)
* o) =k
CE [x" = x3[x" :==x3](xx > 1)
DE X = 0cx > 1)

bl xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation

@ Start with identity differential computation result which proves
@ Construct differential computation result forward by - x’
© Embed differential computation result forward by CT

*
R (x-x) = (xx)
T ex) = (x )ox b x ()
X (x-x) =x"x+ xx'
“Txx) >0 e x'x+xx >0
CE X' = x3[x" :=x3](x-x > 1)
DE [X/ _ X3](X.X > 1)/
bl xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

@ Construct differential invariant computation result forward accordingly

*

F ) = (xex)

T (xx) = (X)) x + x(x)

(x-x) =x"x+ xx'

“Txx) >0 e x'x+xx >0
(xx>1) < x''x+xx">0

XI

CE X' = x3[x" :=x3](x-x > 1)
DE [x = x3](x-x > 1)
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

@ Construct differential invariant computation result forward accordingly
© Resume backward proof with result computed by forward proof right

*
F ) = (xex)
T (xx) = (X)) x + x(x)
(x-x) =x"x+ xx'
“T(xx) >0 e x'x+xx >0
¢ X =3 =3 x4xx>0 (xx > 1) & X x+xx >0

XI

CE X' = x3[x" :=x3](x-x > 1)
DE [x = x3](x-x > 1)
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

@ Construct differential invariant computation result forward accordingly
© Resume backward proof with result computed by forward proof right

*
B ex) = (xx)
T (xx) = (X)) x + x(x)
(x-x) =x"x+ xx'
[:=] X :=x3xx +xx' >0 “Txx) >0 X x+xx >0
¢ X =3 =3 x4xx>0 (xx > 1) & X x+xx >0

XI

CE X' = x3[x" :=x3](x-x > 1)
DE [x = x3](x-x > 1)
DI

xx>1 =[x =x3xx>1
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Example: Differential Invariants Computation »

@ Start with identity differential computation result which proves

@ Construct differential computation result forward by - x’

© Embed differential computation result forward by CT

@ Construct differential invariant computation result forward accordingly
© Resume backward proof with result computed by forward proof right

*
E ) = ()
T (xx) = (x)x + x(x)
B 3 x+xx3>0 X! (x-x) = x"x+xx
[:=] X :=x3xx +xx' >0 “Txx) >0 X x+xx >0

¢ X =3 =3 x4xx>0 (xx > 1) & X x+xx >0

CE X' = x3[x" :=x3](x-x > 1)
DE [x = x3](x-x > 1)
DI

xx>1 =[x =x3xx>1
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() = (xex)
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B3 x4+ xx3>0 x! (x-x) = x"x+xx
[:=] X :=x3xx +xx' >0 “Txx) >0 X x+xx >0

¢ X =3 =3 x4xx>0 (xx > 1) & X x+xx >0

CE X' = x3[x" :=x3](x-x > 1)
DE [x = x3](x-x > 1)
DI

xx>1 =[x =x3xx>1

André Platzer (CMU) 38 / 46


http://symbolaris.com/andre.html

Uniform Substitution

Theorem (Soundness) replace all occurrences of p( )

_?
(o)
provided F\V(o |5 (5)) N BU®(-)) = () for each operation ©(0) in ¢

us

i.e. bound variables U = BV(®(-)) of operator ®
are not free in the substitution on its argument ¢ (U-admissible)
Uniform substitution o replaces all occurrences of p(6) for any 6 by (0)
function f(0) for any 6 by n(6)
quantifier C(¢) for any ¢ by ()
program const. a by «

[2U blp(%) > [alp(%) A [b]p(X)

S
v [x =x4+1Ux=1x>0¢[x:=x+1x>0A[x=1]x >0
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Correctness of Static Semantics

Lemma (Bound effect lemma) (Only BV(+) change)
If (v,w) € I[e], then v = w on BV(«)°.

Lemma (Coincidence lemma) (Only FV(-) determine truth)

Ifv =10 on FV(0) and | = J on X(0), then 1v[6] = Jo[o]
vellg] iffv € J[9]

on BV(a)®

S

onV D FV(a) on VU MBV(«)

Ry =———= X<
o
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Differential Dynamic Logic dZ: Static Semantics

FV((6))

FV(p(Ql, ey Hk))
FV(C(#))

FV(¢ A1)

FV(vx ¢) = FV(3x )
FV([a]¢) = FV((a)9)
FV(a)

FV(x:=0) = FV(x' :=0)
FV(?Q)

FV(x' = f(x) & Q)
FV(a U B)

FV(a; B)

FV(a*)

André Platzer (CMU)
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Differential Dynamic Logic dZ: Static Semantics

FV((6)) = FV(0)
FV(p(61,...,0k)) =FV(01) U--- UFV(6k)
FV(C($)) = VUV
FV(o A1) = FV(¢) UFV(y)
FV(Vx ¢) = FV(3x ¢) = FV(¢) \ {x}
FV([o]¢) = FV({)9) = FV(a) U (FV(¢) \ BV(a))
FV(a) =vuV for program const. a
FV(x:=0) =FV(x':=0) = FV(0)
FV(?Q) = FV(Q)
FV(x' = f(x)& Q) = {x} UFV(f(x)) UFV(Q)
FV(aU B) = FV(a) UFV(5)
FV(; B) = FV(a) U (FV(8) \ BV(a))
FV(a*) = FV(a)
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Differential Dynamic Logic dZ: Static Semantics

FV((9)") = FV(0) UFV(0) caution
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FV(Vx ¢) = FV(3x ¢) = FV(¢) \ {x}
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FV(a) =vuV for program const. a
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Differential Dynamic Logic dZ: Static Semantics

BV(C(¢))

BV(¢ A1)

BV(Vx ¢) = BV(3x ¢)
BV([a]0) = BV((a)o)
BV(a)

BV(x:=0)

BV(x' :=0)

BV(?Q)

BV(x' = f(x)& Q)
BV(a U B) = BV(«; )
BV(a*)
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Differential Dynamic Logic dZ: Static Semantics

BV(0 > ) = BV(p(6y,...,0k)) =0
BV(C(¢)) = VUV
BV(6 A ) = BV($) UBV(4))
BV(Vx ¢) = BV(3Ix ¢) = {x} UBV(9)
BV([a]¢) = BV({a)¢) = BV(a) UBV(¢)

BV(a) =VUYV for program constant a
BV(x:=0) = {x}
BV(x':=0) = {x'}
BV(?Q) =0
BV(x' = f(x)& Q) = {x,x'}
BV(aU ) =BV(«; 8) = BV(a) UBV(S)
BV(a*) = BV(a)
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Differential Dynamic Logic dZ: Static Semantics

MBV(a)
MBV(ar)
MBV(a U B)
MBV(a; 8)
MBV/(a*)
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Differential Dynamic Logic dZ: Static Semantics

MBV(a) =0 for program constant a
MBV(a) = BV(«a) for other atomic HPs «
MBV(a U 8) = MBV(a) N MBV(5)
MBV/(a; 8) = MBV(a) UMBV(S)
MBV(a*) =0
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Correctness of Static Semantics

Lemma (Bound effect lemma) (Only BV(+) change)

If (v,w) € I[e], then v = w on BV(«)°.

Lemma (Coincidence lemma)

e ——
Ifv=10on FV(0) and | = J on ¥(0), then
ve I|[¢]] iff e J|[<;5]|

on BV(a)®

S

onV D FV(a) on VU MBV(«)

Ry =———= X<
o
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@ Summary
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Key Contributions

Q: How to build a prover with a small soundness-critical core?
A: Uniform substitution [Church]

Q: How to enable flexible yet sound reasoning?

A: Axioms with local meaning [Philosophy, Algebraic Geometry]

Q: What's the local meaning of a differential equation?
A: Differential forms [Differential Geometry]

Q: How to do hybrid systems proving?

A: Uniform substitution calculus for differential dynamic logic

Q: What's the impact of uniform substitution on a prover core?
A: 65989 \, 1651 LOC (2.5%) [KeYmaera X]

André Platzer (CMU) 44 / 46


http://symbolaris.com/andre.html

Uniform Substitution for Differential Dynamic Logic

differential dynamic logic at
df = DL + HP [od @y @
L

@ Multi-dynamical systems
o Differential forms

~> local axioms of ODEs &

N =

@ Uniform substitution _ q,g? = c% KeYmaera X

~ modular generic axioms & 2 ¥ p

@ S Q)

(not schemata)

Proof B Auto  # Normalize 'O Step back =
Propositional ~  Hybrid Programs - Differential Equations ~

Modular: Logic || Prover

5 Base case 4 | Usecase5 &8 Induction step 6
Straightforward to implement L R  wheoper

»x20v20 + [{=x+1; U {x'=v}}'] x=0

» F x20av20 — [(=x+T; U (X'=vatrue}}] x20

o
o
@ Tactics regain efficiency
°

Fast contextual equivalence
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KeYmaera X Microkernel for Soundness

KeYmaera X 1652 hybrid

KeYmaera 65989 > prover

KeY 51328 } Java

Nuprl 15000 + 50000 \

MetaPRL 8196

lsabelle/Pure 8913 | general
math

Coq 16538

HOL Light 396 )

PHAVer 30000 \

HSolver 20000

SpaceEx 100000 [ hybrid

Flow* 25000 verifier

dReal 50000 —+ millions

HyCreate?2 6081 + user model analysis

Disclaimer: Self-reported estimates of the soundness-critical lines of code + rules
André Platzer (CMU) 2/6
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Differential Dynamic Logic: Axioms

(=] [x:=f]p(x) « p(f)
17 [?qlp <+ (g — p)
(U] [a U b]p(x) > [a]p(x) A [blp(X)
1] [a: b]p(x) < [a][b]p(X)
[ [a*]p(x) < p(x) A [a][a*]p(x)
K [a](p(x) = a(x)) — ([a]p(x) — [alq(X))
I [a*](p(x) = [alp(x)) — (p(X) = [a"]p(X))
Vp—lalp

CADE’15

3/6
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Differential Dynamic Logic: Axioms

P(X)
a1p(%)
p(x)
Vx p(x)
yp P4 P
q
(%) = £(%)
T @) = e ®)
(%) = g(%)
LR © )
p(%) ¢ q(%)

C(p(x)) < C(q(x))

CADE’15

3/6
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Differential Equation Axioms & Differential Axioms

DW [x" = f(x) & q(x)]a(x)

oe (K =F(x) &a(x)lp(x) < [X' = F(x) & a()Ar(x)]p(x))
— X =) &q(x)]r(x)
DE [X' = f(x) & q(x)]p(x, x') & [x" = f(x) & q(x)][x" = F(x)]p(x, X')

DI ([x" = f(x) & q(x)]p(x) > [?a(x)]p(x)) « [x" = f(x) & q(x)](p(x))’
DG [x' = f(x) & q(x)]p(x) <> Ty [x" = f(x),y" = a(x)y + b(x) & q(x)]p(x)
DS [x' = f & q(x)]p(x) +> Vt>0 ((VOSsgt q(x+1s)) — [x :zx—l—ft]p(x))

(=] [x":=flp(X) < p(f)

+(F(x) + g(x) = (F(x)) + (g(x))

T (f(x) - g(x)) = (F(x)) - g(x) + £(x) - (&(x))

o Iy =gy = 1((F(g(x))) = (FV))" - (&(x)))

CADE'15
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Differential Equation Axioms

Axiom (Differential Weakening) (CADE'15)
DW [ = f(x) & q(x)]a(x)

1 0 r
/
X

= f(x) & q(x)

Differential equations cannot leave their evolution domains. Implies:
[x = f(x) & q(x)]p(x) < [x' = f(x) & q(x)](q(x) = p(x))
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Differential Equation Axioms

Axiom (Differential Cut)

(X' = f(x) & q(x)]p(x) © [x" = f(x) & q(x)Ar(x)]p(x))

PO W = () & a(0)]r (%)

........

0 r
X' = f(x) & q(x) TIIIIIIIIIIN

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).

André Platzer (CMU)
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Differential Equation Axioms
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Differential Equation Axioms
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Differential Equation Axioms
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Differential Equation Axioms

Axiom (Differential Cut)
([x' = F(x) & g(x)]p(x) < [x' = (x) & g(x)Ar(x)]p(x))

DC
— X' = F(x) & q(x)]r(x)
X S
. A |
sttt
N
:’ :\E:::///
| T
0, I .
X' = f(x) & q(x) TIIIIIIUUIIN

DC is a cut for differential equations.
DC is a differential modal modus ponens K.
Can't leave r(x), then might as well restrict state space to r(x).
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Differential Equation Axioms

Axiom (Differential Cut)

(X' = f(x) & q(x)]p(x) © [x" = f(x) & q(x)Ar(x)]p(x))
— X' = f(x) & q(x)]r(x)

DC

"o ro T
!
X

—foeax) oo

R N

DC is a cut for differential equations.
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Differential Equation Axioms

Axiom (Differential Cut)
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Differential Equation Axioms

Axiom (Differential Cut)
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Differential Equation Axioms

Axiom (Differential Cut)

(X' = f(x) & q(x)]p(x) © [x" = f(x) & q(x)Ar(x)]p(x))
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Differential Equation Axioms

Axiom (Differential Invariant)

Differential invariant: if p(x) true now and if differential (p(x))’ true

always

What's the differential of a formula???

What's the meaning of a differential term ...in a state???
André Platzer (CMU)
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Differential Equation Axioms

Axiom (Differential Effect)

T T t
0 r
x' = f(x) & q(x)

Effect of differential equation on differential symbol x’
[x:= f(x)] instantly mimics continuous effect [x" = f(x)] on x’
[x":= f(x)] selects vector field x’ = f(x) for subsequent differentials

André Platzer (CMU) 5/6
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Differential Equation Axioms

Axiom (Differential Ghost)

% Mo

y' = a(x)y + b(x) 0

Differential ghost/auxiliaries: extra differential equations that exist
Can cause new invariants
“Dark matter” counterweight to balance conserved quantities
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Differential Equation Axioms

Axiom (Differential Solution) (CADE'15)
DS [x' = f&q(x)]p(x) +» V>0 ((VO<s<t q(x+£5)) = [x := x+1t]p(x))

'0, r 0 r
X

= f(x) &q(x) X' =f&q(x)

Differential solutions: solve differential equations
with DG,DC and inverse companions

André Platzer (CMU) 5/6
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Differential-form Differential Dynamic Logic: Semantics

Definition (Term semantics) (I]: Trm — (S — R))

i1 = ¥ )2 ) = 30 00y 2210

Definition (d£ semantics) ([] : Fml = ©(S))

IC@)] = 1(O)(/4])

)¢l = 1] o 114]

IMledel = IM~(a)~¢]

Definition (Program semantics) ([] : HP — o(S x S))
X = ()& Q1 = {(p(O)]y3:2(r)) © o = = F(x) A Q}
NMeew gl = IMequIls]
Mo B8] = /|[Oé]] 171
o] = (1e])” = U Mo”1

neN
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Differential-form Differential Dynamic Logic: Semantics

Definition (Term semantics) (I]: Trm — (S — R))
Iv[x] = v(x) for variable x € V
Iv[x] = v(xX) for differential symbol x' € V

IV[f(61,...,0k)] = I(F)(Iv[61], ..., Iv[0k]) for function symbol f
IV|[0 +n] = 6] + Iv[n]
Iv[o-n] = 1v[0] - Iv[n]

ROIEDWE )20 - Svtx A

Definition (d£ semantics) ([] : Fml = ©(S))

C@N = 1(C)(/¢])
)¢l = ] o 114]
IMledgl = IM~(a)~¢]

R SE————————.,
Definition (Program semantics) ([] : HP — p(S x S))
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Differential-form Differential Dynamic Logic: Semantics

Definition (Term semantics) (I-]: Trm — (S — R))
X
10)] = Y w6 A0 = vty

X X

Definition (d£ semantics) ([] : Fml = ©(S))

=l = {v : WIel > v}
(0,001 = {v = (IW[o],..... WI0KD) € 1(p)}
C@N = 1(C)(14])
0] = (/[e)°

Mo Ayl = 1ol N 111

I3x¢] = {ves : v,el[s] for some r € R}

I{e)yd] = ] ol[e] ={v : w e I[¢] for some w (v,w) € I[a]}
Mle)d] = ()=o) ={v : w e l][¢] for all w (v,w) € I[a]}

Definition (Program semantics) ([-] : HP — (S x S))
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Differential-form Differential Dynamic Logic: Semantics

Definition (Term semantics) (I-]: Trm — (S — R))
X
10)] = Y w6 A0 = vty

X X

Definition (d£ semantics) ([] : Fml = ©(S))

SN = 1(C)(/¢])
)¢l = 1] o 114]
IMledel = IM~(a)~¢]
Definition (Program semantics) ([] : HP — o(S x S))
IMa] = I1(a)
I[x:=0] = {(r,w) : w=v except lw[x] = Iv[0]}
X :==0] = {(v,w) : w=v except lw[x] = Iv[0]}
@y = {(w,v) : vellQl}

¥ = F()& QT = {(p(0)] oy, 2(r) : Lo b= X' = F(x) A @}
[ [ A1

0
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