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Learning Objectives

Winning & Proving Hybrid Games

rigorous reasoning for adversarial dynamics
compositional reasoning from compositional semantics
modular addition of adversarial dynamics
axiomatization of dGL

analytical&semantical interaction CPS semantics

discrete+continuous+adversarial align semantics&reasoning
operational CPS effects

André Platzer (CMU)



© Semantical Considerations
@ Determinacy & Monotonicity
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Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition {Hybrid game «)

x=e|?2Q | X =f(x)]aUB|a;8|a* |’

Definition (dGL Formula P)

p(er,...,en) | e> €| P |PAQ|VYxP|3IxP| (a)P | [a]P

[ 1 LA
All Some | |Angel] |Demon
Reals | Reals J | Wins Wins l

TOCL'15
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game «) [[]:HG — (p(S) — p(S))

ome(X) = {wes : Wl exy
Sw=f(x)(X) = {p(0) € S: ¢(r) € X for some ¢:[0, r]=S, v | x' = f(x)}
ae(X) = [QINX
Saug(X) = ca(X) Ugs(X)
Sa;a(X) = <als(X))
w(X) = N{ZCS : XUw(Z)C 2}
) = (sa(XE))E

Definition (dGL Formula P)

[er > e] = {weS : wle] > we]}
[Pl = (IP]"
[PAQ] = [PIN[CQ]
[(@P] = <(lP])
[[a]PT = da([P])
André Platzer (CMU)
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e. E ={a)=P < [a]P.

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 64(X) C 0a(Y) forall X C Y

André Platzer (CMU)



Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e. E ={a)=P < [a]P.

Determined: At least one player wins: —={(a)=P — [a]P so (a)=P V [a]P
Consistent: At most one player wins: [o]P — —(a)P so =([a]P A {(a)—P)

Lemma (Monotonicity)
Sa(X) C oY) and 64(X) C 0a(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e. E ={a)=P < [a]P.

Proof Sketch.
5aus(XE)E = (sa(XC) Us(XE))P = ca(XE)C N ga(XC)E = 64(X) M dp(X) =
5aU5(X) O

Lemma (Monotonicity)
Sa(X) C oY) and 64(X) C 0a(Y) forall X C Y

Proof Sketch.
X C Y soXE D Ylso (X)) D (YD) s0
sat(X) = (X0 € (sa( YD) = cua(Y). 0
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e. E ={a)=P < [a]P.

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 64(X) C 0a(Y) forall X C Y
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Consistency & Determinacy & Monotonicity

Theorem (Consistency & determinacy)

Hybrid games are consistent and determined, i.e. E ={a)=P < [a]P.

Corollary (Axiom: Determinacy)
[1 [e]P & =(a)=P

Lemma (Monotonicity)
Sa(X) Ccal(Y) and 64(X) C 0a(Y) forall X C Y

Corollary (Rule: Monotonicity)

P—Q
{@)P = {@)Q

M
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© Dynamic Axioms for Hybrid Games
@ Hybrid Game Axioms
@ Example Proof: Demon's Choice
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Hybrid Game Axioms

Axiom (Assignment)

(=) (x:=e)p(x) &

§x:e(X)

André Platzer (CMU)
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Hybrid Game Axioms

Axiom (Assignment)

(=) (x=e)p(x) ¢ ple)
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Hybrid Game Axioms

Axiom (Differential Equation)

() K=Ff())P (v'(t) = f(¥))

Sx/=f(x) (X)
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Hybrid Game Axioms

Axiom (Differential Equation)
() X' =F(x))P & Fe=0(x:=y(t))P (v'(t) = f(¥))

Sx/=f(x) (X)
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Hybrid Game Axioms

Axiom (Test / Challenge)

(7 Q)P+

s2(X)
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Hybrid Game Axioms

Axiom (Test / Challenge)
() QP = (QAP)

s2(X)
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http://dx.doi.org/10.1145/2817824

Hybrid Game Axioms

Axiom (Choice Game)
(U) (@Up)P &
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Hybrid Game Axioms

Axiom (Choice Game)
(U) (@aUB)P & ()P V(B)P
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Hybrid Game Axioms

Axiom (Sequential Game)

() (@ BYP

Sa;p(X)

André Platzer (CMU)
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Hybrid Game Axioms

Axiom (Sequential Game)

() {wB)P < ()(B)P

Sa;p(X)
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Hybrid Game Axioms

Axiom (Dual Game)

(%) (@)P &

André Platzer (CMU) 9/21
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Hybrid Game Axioms

Axiom (Dual Game)

(%) ()P < ~{a)=P

André Platzer (CMU) 9/21


http://dx.doi.org/10.1145/2817824

Example: Demon’s Choice Derives by Duality

F{anNB)P < (a)P A (B)P

André Platzer (CMU)



Example: Demon’s Choice Derives by Duality

YR )P o () PA(B)P

F{anNB)P < (a)P A (B)P




Example: Demon’s Choice Derives by Duality

Y E (@ UBY)-P & ()P A (B)P
F {(a?UB)NP & ()P A(B)P

F{anNB)P < (a)P A (B)P




Example: Demon’s Choice Derives by Duality

Y S((a®)=2P v (8%)P) & ()P A (B)P
YR ~(afU 8P < (a)P A (B)P
YR UE)P o () PA(B)P

F{anNB)P < (a)P A (B)P




Example: Demon's Choice Derives by Duality

~(={a)==PV ~(B)==P) < ()P A (B)P
—({(a®)=P Vv (89)=P) < ()P A (B)P
—(a? U BN-P & (a)P A (B)P

© ()P A (B)P
anB)P < (a)P N (B)P

2(04 U p9))p




Example: Demon's Choice Derives by Duality

F{a)P AN (B)P < ()P A (B)P

F =(={a)==PV = (B)~=P) < (a)P A (B)P
O S((ad)=P Vv (89)=P) & ()P A (B)P
e S(@d U B =P & ()P A (B)P
! PA(B)P
B)P

YU NP o (o)
<

F{anNB)P < (a)P A




Example: Demon's Choice Derives by Duality

F{a)P A (B)P < ()P N {(B)P

F =(={a)==PV = (B)~=P) < (a)P A (B)P
O S((ad)=P Vv (89)=P) & ()P A (B)P
e S(@d U B =P & ()P A (B)P
! PA(B)P
B)P

T {@? U NP o (o)
<

F{anNB)P < (a)P A




Example: Demon's Choice Derives by Duality

*

@)PABIP & (a

() PV (5

~((@?)~PV (8%)P) > ()P A (B)P
Fa e

N ()P

)P AB)P
)= ) (>P/\<ﬁ>P

l_
l_

YE ~(afUu B)=P & (o
|_

O ((@f U BN P o (a)P
F{an B)P < (a)P A (B)P

Note: Can now use this derived axiom

(M) {anp)P < (a)P A (B)P




Example: Demon’s Choice Derives by Duality

I lanBlP & [a]P Vv [B]P

This proof derives [N] from (N)
[N] [a N BIP = [a]PV [B]P

(M) {an )P < ()P A (B)P




Example: Demon's Choice Derives by Duality

e s(an )P < [o]P V [B]P
I lanBlP & [a]P Vv [5]P

This proof derives [N] from (N)
[N] [a N BIP = [a]P Vv [5]P

(M) {anp)P < ()P A (B)P




Example: Demon's Choice Derives by Duality

F o((a)=P A (B)=P) < [o]PV [B]P
e s(an )P < [o]P V [B]P
I lanBlP & [a]P V [B]P

This proof derives [N] from (N)
[N] [a N BIP = [a]P Vv [B]P

(M) {an )P < ()P A (B)P




Example: Demon's Choice Derives by Duality

" =(@)=P v ~(8)-P « [a]P V [B]P
F =({a)=P A (B)=P) < [a]P V [B]P

" ~(an B)=P < [o]P V8P

I H [an BIP » [o]P V [8]P

This proof derives [N] from (N)
[N] [a N BIP = [a]PV [5]P

(M) {anp)P < ()P A (B)P




Example: Demon's Choice Derives by Duality

F [a]P V[P < [o]P V [B]P
" ~(@)=P v ~(8)-P « [a]P V [B]P
F =({a)=P A (B)=P) < [a]P V [B]P
D ~(an B)=P < [o]P V [B]P
I H [an BIP «» [o]P V [8]P

This proof derives [N] from (N)
[N] [a N BIP = [a]PV [B5]P

(M) {anp)P < ()P A (B)P




Example: Demon's Choice Derives by Duality

F [a]PV [B]P < [o]P V [B]P
" ~(@)=P v ~(8)-P « [a]P V [B]P
F =({a)=P A (B)=P) < [a]P V [B]P
D ~(an B)=P < [o]P V [B]P
I H [an BIP «» [o]P V [8]P

This proof derives [N] from (N)
[N] [a N BIP = [a]PV [B5]P

(M) {anp)P < ()P A (B)P




Differential Game Logic: Axiomatization

[] [P & =({)-P

TOCL'15
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@ Repetitions
@ Proofs for Loops
@ Example Proof: Dual Filibuster
@ Example Proof: Push-around Cart
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Semantics of Repetition

Definition (Hybrid game «)
ar(X)=(HZCS : XUc(Z2)=2}

André Platzer (CMU) 13 /21



Proofs for Loops

Definition (Hybrid game «)

Sar(X)={Z CS : XUg(Z2)C Z}

§a*(X) =XU ga(ga*(X))

André Platzer (CMU)



Proofs for Loops

Definition (Hybrid game «)

Sar(X)={Z CS : XUg(Z2)C Z}

§a*(X) =XU ga(ga*(X))
Corollary (Axiom: )
(") {a")P &

André Platzer (CMU)



Proofs for Loops

Definition (Hybrid game «)

Sar(X)={Z CS : XUg(Z2)C Z}

Sax(X) = X Uca(Sar (X))
Corollary (Axiom: Iteration)
(*) (a*)P < PV (a)(a*)P

André Platzer (CMU)



Proofs for Loops

Definition (Hybrid game «)
Sar(X)={Z CS : XUg(Z2)C Z}

Sax(X) = X Uca(Sar (X))
Corollary (Axiom: Iteration)
(*) (a*)P < PV (a)(a*)P

Corollary (Rule:

FP

(a*)P — Q

André Platzer (CMU)



Proofs for Loops

Definition (Hybrid game «)
Sar(X)={Z CS : XUg(Z2)C Z}

Sax(X) = X Uca(Sar (X))
Corollary (Axiom: Iteration)
(*) (a*)P < PV (a)(a*)P

Corollary (Rule: Least Fixpoint)

PV{a)Q — Q
PP sa
Corollary (Derived Rule: )
% B Talp
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Proofs for Loops

Definition (Hybrid game «)
Sar(X)={Z CS : XUg(Z2)C Z}

Sax(X) = X Uca(Sar (X))
Corollary (Axiom: Iteration)
(*) (a*)P < PV (a)(a*)P

Corollary (Rule: Least Fixpoint)

PV{a)Q — Q
(a*)P — Q

Corollary (Derived Rule: Loop)

I P — [a]P
P PSP

André Platzer (CMU) 14 /21
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Differential Game Logic: Axiomatization

P—Q
[] [a]P < —{a)=P M@ﬁtﬂaa
(=) (x:=eplx) ¢ ple) L PV(@ - Q
a*)P
0 =1 TRy e
) (1Q)P = (@1 P) @
U) (@UBP & PV (3P o g RV
() (B)P < () (B)P US %
() (0P & PV (a)(a?)P £h)

TOCL'15
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Proof: Dual Filibuster

Example

“x=0F (x:=0Ux:=1))x=0

16 / 21
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Example

0

M x=0F [(x:=0Nx:=1)"]x

d

'x=0F (x:=0Ux:=1))x=0

(
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Example

0

.['] x=0F[x:=0Nx:=1]x
"X =0F [(x:=0Nx:=1)"]x

0

'x=0F (x:=0Ux:=1))x=0

(d
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Example Proof: Dual Filibuster »

<d>x=0|——|(x:=0|’ﬁx:=1>—|x=0
U x=0F[x:=0Nnx:=1]x=0

M x=0F[(x:=0Nx:=1)"]x=0
Dx=0F (x:=0Ux:=1)")x=0

André Platzer (CMU) - 16 / 21



Example Proof: Dual Filibuster »

Px=0F (x:=0Ux:=1)x=0
<d>x=0|——|(x:=0|’ﬁx:=1>—|x=
[']x—Ol—[x =0Nx:=1]x =

M x=0F[(x:=0Nx:=1)" ]x
Ux=0F (x:=0Ux:=1))x =
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Example Proof: Dual Filibuster »

I =0F (x:=0)x=0V (x:=1)x =0
Mx=0F (x:=0Ux:=1)x=0

D x=0F ~(x:=0Nx:=1)x
[']x—Ol—[x—Oﬂx—l]x

" x=0F[(x:=0Nx:=1)* ]x
<d>x:0|—((x::0Ux:—l)X> =
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Example Proof: Dual Filibuster »

Bx=0F0=0Vv1=0
I =0F (x:=0)x=0V (x:=1)x =0
X =0F (x:=0Ux:=1)x

DX =0F ~(x:=0Nx:=1)x
[']x—Ol—[x =0Nx:=1]x =

M x=0F[(x:=0Nx:=1)" ]x
<d>x:0|—((x::0Ux:—l)X> =

Il
o
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Example Proof: Dual Filibuster »

*
Bx=0F0=0V1=0
FIx=0F (x:=0)x=0V (x:=1)x =0
Px=0F (x:=0Ux:=1)x

D x=0F ~(x:=0Nx:=1)x
[']x—Ol—[x =0Nx:=1]x =

M x=0F[(x:=0Nx:=1)" ]x
<d>x:0|—((x::0Ux:—l)X> =

Il
o
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Example Proof: Push-around Cart

" JF((d=1ndi=—1)(a=1Ua=—1); {xX = v,V = a+ d}) x>
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Example Proof: Push-around Cart

I Jr[(d=1nd:=—1)(a:=1Ua:=—-1);{xX' = v,V = a+ d}]J
g E [((d:==1Nnd:=-1);(a:=1Ua:=—1);{xX = v,V = a+d})|x>

André Platzer (CMU) 17 /21



Example Proof: Push-around Cart

M Jk[di=1nd:=—1][(a:=1Ua:=-1);{X = v,V = a+d}]J
I Jr[(d=1nd:=—1)(a:=1Ua:=—-1);{xX' = v,v = a+ d}]J
g E [((d:=1Nnd:=-1);(a:=1Ua:=—1);{x = v,V = a+d})|x>
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Example Proof: Push-around Cart

RWESETd=1][(a:=1Ua:=—1);{xX' = v,V =a+d}]JV[d:=—1]...
T Jr[di=1nd:=—1][(a:=1Ua:=—1);{X = v,V = a+d}]J
1 Jr[(d=1nd:=—1)(a:=1Ua:=—-1);{xX' = v,V = a+ d}]J
g E [((d:=1Nnd:=-1);(a:=1Ua:=—1);{xX' = v,V = a+d})|x>
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Example Proof: Push-around Cart
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Example Proof: Push-around Cart
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Example Proof: Push-around Cart
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Example Proof: Push-around Cart
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Example Proof: Push-around Cart
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JdéfXZO/\vZO
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Example Proof: Push-around Cart
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" JRd=1nd:=—1][(a:=1Ua:=—-1);{xX = v,v = a+d}]J

I Jr(di=1nd:=—1);(a:=1Ua:=—1); {X = v,v = a+d}]J

g E [((d:==1Nnd:=-1);(a:=1Ua:=—1);{xX = v,V = a+d}) |x>

JdéfXZO/\vZO
x>0Av>0FVt>0(x+vt+t2>0Av+2t>0)
[1.6=] Tl = vy =15 11
x>0Av>0FVt>0(x+vt>0Av>0)
e TF = vV =011J
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Defining Evolution Domain Constraints

X =f(x)&Q X' = f(x); Q)

x|

v

w
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Defining Evolution Domain Constraints

X' =f(x)&Q x'=f(x);(z:=x; 2 = —f(2))?; °Q(2))
X
v revert flow,
Demon checks @
backwards
W
T r= )
1 t
r
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Defining Evolution Domain Constraints
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Defining Evolution Domain Constraints

X =f(X)&Q =ty =x0;x' = f(x); (z:=x;7 = —f(2))9; W(z20>t) — Q(2))

X
v revert flow, time xp;

Demon checks Q
backwards

W

K 7 — —f(z)

t
to := Xo r
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“There and Back Again” Game

X =f(X)&Q=ty=x0;x' = f(x); (z:=x;7 = —f(2))9; W(z20>t) — Q(2))

X
v revert flow, time xp;

Demon checks Q
backwards

W

K 7 — —f(z)

t
to :== Xo r

Evolution domains definable by games I
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© Summary
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game «) [[]:HG — (p(S) — p(S))

Gme(X) = {wes : Wil e x}
Sw=f(x)(X) = {p(0) € S: ¢(r) € X for some ¢:[0, r]=S, v | x' = f(x)}
se(X) = [QInX
Saup(X) = ca(X) Ucs(X)
Sa;p(X) = salsp(X))
Sa (X) ({ZCS : XUg(Z2)CZ}
) = (sa(XE))E

Definition (dGL Formula P)
[e1 > e] = {weS : wle] > wle]}

[-P1 = (IPD)"
[Pr@] = [PINICQ]
[()P] = <a(lP])
[lo]PT = da([PD)
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Differential Game Logic: Axiomatization

P—Q
[] [a]P < —{a)=P M@ﬁtﬂaa
(=) (x:=eplx) ¢ ple) L PV(@ - Q
a*)P
0 =1 TRy e
) (1Q)P = (@1 P) @
U) (@UBP & PV (3P o g RV
() (B)P < () (B)P US %
() (0P & PV (a)(a?)P £h)

TOCL'15



http://dx.doi.org/10.1145/2817824

differential game logic
dGL = GL + HG =dL +¢

@ Axiomatics for hybrid games

@ Proving winning strategies
Next lecture
© Soundness
@ Proofs
© Separations
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