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Learning Objectives

Dynamical Systems & Dynamic Axioms

rigorous reasoning about CPS
dL as verification language

cyber+physics interaction align semantics+reasoning
relate discrete+continuous operational CPS effects
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Logical Trinity

Axiomatics

Syntax Semantics

Syntax defines the notation
What problems are we allowed to write down?
Semantics what carries meaning.
What real or mathematical objects does the syntax stand for?

Axiomatics internalizes semantic relations into universal syntactic
transformations.
How does the semantics of A relate to semantics of AA B,
syntactically? If A is true, is AA B true, too? Conversely?
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Approach

Logical guiding principle: Compositionality

@ Every CPS is modeled by a hybrid program (or game ...)
@ All hybrid programs are combinations of simpler hybrid programs
(by a program operator such as U and ; and *)

© AIl CPS can be analyzed
if only we identify one suitable analysis technique for each operator.
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© Reminder: Compositional Semantics
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Differential Dynamic Logic dL: Semantics

Definition (Hybrid program semantics) (I-] : HP — p(S x S))
[x:=¢€] = {(w,v) : v=w except V[x] = w[e]}
[7Q] = {(w,w) : we[Rl}
[x = f(x)] = {(¢(0),¢(r)) : ¢ E x" = f(x) for some duration r}
[cus] = [o]u 4]
[ 81 = [ed o [A]
0] = Ul

neN

Definition (dL semantics) (I-] : Fml = ©(S))
[6>n] = {w : w[f] > wln}
[-¢] = ([¢D)"
[ A9l = [81 N [¥]
()] = [al o[l ={w : v € [¢] for some v : (w,v) € [o]}
[lele] = [—(a)~¢] = {w : v e[o] forallv: (w,v) € [o]}
[Bx¢] = {w : w} € [¢] for some r € R}
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Differential Dynamic Logic dL: Transition Semantics

X
- o U if —
= | ? Y Ialnlé(ﬁz) g“{ﬁgz) for z # x
ow
— t

0

André Platzer (CMU)



Differential Dynamic Logic dL: Transition Semantics

X
o o v if =
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Differential Dynamic Logic dL: Transition Semantics

X
o o v if =
x-=¢€ ? Y Ianlé()IEZZ) 2“5%2) for z # x
o w
: t
0
X
: X' =f(x)&Q :
| 0 ’ t
X' =f(x)&Q
7Q X
_ ;wnochaneifweQ
@ if we [Q] | otherwisge no tran%"'ltign
0
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© Bouncing Ball
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Conjecture: Quantum the Acrophobic Bouncing Ball

Example (Quantum the Bouncing Ball) )

0<xAx=HAv=0Ag>0A1>c>0—
(X =v,V/ =—g&x>0; (?x=0;v:=—ch?X7éO))*] (0 < xAx < H)
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Conjecture: Quantum the Acrophobic Bouncing Ball

Example (Quantum the Bouncing Ball) (Single-hop)

0<xAx=HAv=0Ag>0A1>c>0—
[ X =v,vV =—g&x>0;(?x=0;v:i=—cvU?x #0) |(0< xAx < H)

Removing the repetition grotesquely changes the behavior to a single hop
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© Intermediate Conditions for CPS
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Intermediate Conditions for CPS

HM: A= [o; 5B
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@ Dynamic Axioms for Dynamical Systems
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Dynamic Axioms for Dynamical Systems
X =€
[=] [x:=e]p(x) <> @

André Platzer (CMU)



Dynamic Axioms for Dynamical Systems
X =€
[=] [x:=e]p(x) <> p(e) @




Dynamic Axioms for Dynamical Systems
X =€
[=] [x:=e]p(x) <> p(e) @

x' = f(x)
[T X' = f()lp(x) < :) @




Dynamic Axioms for Dynamical Systems

[=] [x:=e]p(x) <> p(e) @

p(e) p(x)
x' = f(x)
=) & Be=y(0)]p() @ _____ «pC'(’X))




Dynamic Axioms for Dynamical Systems
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[=] [x:=e]p(x) <> p(e) @
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Dynamic Axioms for Dynamical Systems

[=] [x:=e]p(x) <> p(e) @
x' = f(x)
[T [x" = f()]p(x) > Vt=0[x := y(t)]p(x) : 'pQ)

[T ¥ = f(x) & q(x)]p(x) ¢ Y0 (YO<s<t q(y(s)) — [x = y(t)]p(x))

’Q

7] [PQIP < (Q — P) @ ifwe[Q]




Dynamic Axioms for Dynamical Systems

compositional semantics = compositional rules!
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Dynamic Axioms for Dynamical Systems

(n)p

o

D=
Y

U] [aUB]P «
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Dynamic Axioms for Dynamical Systems

(n)p

o

D=
Y

(U] [aUB]P < [a]P A[B]P
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Dynamic Axioms for Dynamical Systems

P
U] [aUB]P < [a]P A [B]P ‘ aUp
“ P
a; B
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Dynamic Axioms for Dynamical Systems

(U] [aUB]P < [a]P A[B]P

P
;B
[ [0 81P o [al(B1P m
ClFP P P
* * * [a*]P
] [ef]P <> P A [a][a*]P Q y

(0% (&4 «

P A [a][a*]P " P




@ Intermediate Conditions versus Sequential Compositions
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Intermediate Conditions vs. Sequential Compositions

A—[ao]JE E—[F]B

HM; A= [o; 5B
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Intermediate Conditions vs. Sequential Compositions

A= [o][]B [8]B — [B]B
HM; A= [a; B]1B




Intermediate Conditions vs. Sequential Compositions

a; B
(] [o: B1P < [a][B]P w F— @ —§
[a][B]P [6]P

A= [d][5]B [5]B = [A]B

M A= [o; 5]1B




Developed on the board:
@ Soundness of axioms
@ Example-driven sketch of single-hop bouncing ball proof

See lecture notes for details [1].
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© First Bouncing Ball Proof
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A Proof of a Short Single-hop Bouncing Ball

AR X = —g; (?2x = 0; v:= —cv U ?x > 0)] B(x.v)
A O <xAX=HAV=0Ag>0A1>c>0
Bow) Z0o<xAx<H
(" =-8)E (K =v,v =)
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A Proof of a Short Single-hop Bouncing Ball

A ¥ = —g][?x = 0; v:= —cv U 2x > 0]B(x.v)
Hayy. [x'=—g;(?x=0;v:=—cvU7?x > 0)]B(x,v)

A < xAX=HAV=0Ag>0A1>c>0

By E0<xAx<H
(' =-g)E (X =v,V = —g)
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A Proof of a Short Single-hop Bouncing Ball

AR [x" = —g]([?x = 0; v:=—cv]B(x,v) A [?x > 0] B(x,v))
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A Proof of a Short Single-hop Bouncing Ball

A E [x" = —g]([?x = 0][v := —cv]B(xv) A [?2x > 0]B(x,v))
AR [x = —g]([?x = 0; v:= —cv]B(x,v) A [?x > 0] B(x,v))
AR X" = —g][7x = 0; vi=—cv U 7x > 0]B(xv)

AR X = —g; (?x = 0; v:=—cv U ?x > 0)] B(x.v)

A < xAX=HAVv=0Ag>0A1>c>0

B E0<xAx<H
(X" = —g) dEef (X' =v,vV =—g)
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A Proof of a Short Single-hop Bouncing Ball

[E]:[l]A Fx" = —gl((x =0 = [vi=—cv]B(xv) A (x > 0 = B(x,v)))
THAE X = —g]([7x = 0][v := —cv]B(xv) A [7x = 0]B(x,v))
AR [x = —g]([?x = 0; v:=—cv]B(xv) A [?x > 0] B(x,v))
AR X" = —g][7x = 0; vi=—cv U 2x > 0]B(xv)
AR X = —g; (?2x = 0; v:= —cv U ?x > 0)] B(x.v)

A < xAX=HAV=0Ag>0A1>c>0

By E0<xAx<H
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A Proof of a Short Single-hop Bouncing Ball

T AE K = —g]((x =0 — B(x,—v)) A (x > 0 = B(x,v)))
HTAR X = gl((x=0—= [v:i=—cv]B(xv) A (x >0 = B(xv)))
AR X" = —g]([?x = 0][v := —cv]B(xv) A [?x > 0] B(x,v))

AR [x" = —g]([?x = 0; v:=—cv]B(xv) A [?x > 0] B(x,v))
AR X" = —g][7x = 0; vi=—cv U 7x > 0]B(xv)

AR [x" = —g;(2x = 0; v:=—cv U ?x > 0)]B(xv)

A O <xAX=HAV=0Ag>0A1>c>0
B(X,V)EOSX/\XSH
(X" = —g) dEmc(x':v, vV = —g)
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A Proof of a Short Single-hop Bouncing Ball

AR VE=0[x = — £1% v:=—gt]((x=0 = B(x,~ev)) A (x>0 — B(x,v))
T AR = —g]( x =0 — Bx,—cv)) A (x > 0 — B(x,v)))
HTAR X = gl((x=0—= [vi=—cv]B(xv) A (x >0 = B(xv)))
AR X = —g]([7x = 0][v:= —cv]B(xv) A [?x > 0]B(x,v))
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A Proof of a Short Single-hop Bouncing Ball

L#AFVQOR:H—%ﬂh;&gﬂ&zmﬁBm%MAOQOABmm

AR VE=0[x = — £t% v:i=—gt]((x=0 = B(x,~ev)) A (x>0 — B(x,v))
HAFV“&@KXzoﬁBmﬁMA@EOﬁBWM)
HTAR X = gl((x =0—= [vi=—cv]B(xv) A (x >0 = B(xv)))
mmAFh”:—QﬂU—ﬁm/——ww@nAPx>mBum

AR [x = —g]([?x = 0; v:=—cv]B(xv) A [?x > 0] B(x,v))
AR X" = —g][7x = 0; vi=—cv U 7x > 0]B(xv)
AR [x" = —g;(2x = 0; v:=—cv U ?x > 0)]B(xv)

Afo<xAx_HAv_0Ag>0A1>c>o
B(x,v) E 0<xAx<H
(X" = —g) & (X' =v,vV =—g)
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A Proof of a Short Single-hop Bouncing Ball

AR V>0 [x = H — £¢%]((x=0 — B(x,—c(—gt))) A (x>0 — Bi(x,—g1)))
L#AFVQOV:H—%ﬂh:Egm&:UﬁBm%MAOQOABmm

AR VE=0[x = — €12 v:=—gt]((x=0 = B(x,~ev)) A (x>0 — B(x,v))
HAFV“&@KXzoﬁBmﬁMAQEOﬁBWM)
HTAR X = gl((x =0—= [vi=—cv]B(xv) A (x >0 = B(xv)))
mmAFh”:—gﬂU—ﬁm/——ww@nAPx>mBum
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A Proof of a Short Single-hop Bouncing Ball

A Vt>0 (H-§t?=0—B(H-£2,~c(—¢t))) A (H—§t°>0—B(H-£,—gt)
AR V>0 [x = H — £¢%]((x=0 — B(x,—c(—gt)) A (x>0 — Bi(x,—g1)))
L#AFVQOR:H—%ﬂh;&gﬂ&zmﬁBm%MAOQOABmm

AR VE=0[x = — €12 v:=—gt]((x=0 = B(x,~ev)) A (x>0 — B(x,v))
HAFV“&@KXzoﬁBmﬁMAQEO%BWM)
HTAR X = gl((x =0—= [vi=—cv]B(xv) A (x >0 = B(xv)))
mmAFh”:—gﬂU—ﬁm/_—WBQQAPx>mBum
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A Proof of a Short Single-hop Bouncing Ball

A Vt>0 (H-§t2=0—B(H-£2,—c(—g))) A (H—§1°>0—B(H- £, —gt)
TAE V>0 [x = H — £¢%]((x=0 — B(x,—c(—gt)) A (x>0 — Bi(x,—g1)))
L#AFVQOR:H—%ﬂh;&gﬂ&zmﬁBm%MAOQOABmm

AR VE=0[x = — €12 v:=—gt]((x=0 = B(x,~ev)) A (x>0 — B(x,v))
HAFV“&@KXzoﬁBmﬁMA@EOﬁBWM)
HTAR X = gl((x =0—= [vi=—cv]B(xv) A (x >0 = B(xv)))
mmAFh”:—QﬂU—ﬁm/——ww@nAPx>mBum

AR [x = —g]([?x = 0; v:=—cv]B(xv) A [?x > 0] B(x,v))
AR X" = —g][7x = 0; vi=—cv U 7x > 0]B(xv)
AR [x" = —g;(2x = 0; v:=—cv U ?x > 0)]B(xv)

A O < xAXx=HAV=0Ag>0A1>c>0

B(X,V)EOSX/\XSH
def
X'=-g) =K =v,vV=-g)
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A Proof of a Short Single-hop Bouncing Ball

Resolving abbreviations at the premise yields:
0<xAx=HAv=0Ag>0A1>c>0—
VQ&«H—%F:0+0§H—%FAH—%FSH)

AW—%FgO%OgH—%ﬂAH—%FgH»

which is provable by arithmetic (since g > 0 and t? > 0).
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A Proof of a Short Single-hop Bouncing Ball

Resolving abbreviations at the premise yields:

0<xAx=HAv=0Ag>0A1>c>0—
VQﬁ«H—§¥:0+0§H—%FAH—%FSH)

A(H - §t>O%O<H 2tAH §t<HD

which is provable by arithmetic (since g > 0 and t? > 0).

We have just formally verified our very first CPS! I

Okay, alright, it was a grotesquely simplified single-hop bouncing ball.
But the axioms of our proof technique were completely general and not
specific to bouncing balls, so they should carry us forward to true CPS.
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Differential Dynamic Logic: Axiomatization

] b= elplx) ¢ p(e)

1 PRIP < (Q = P)

[T I¥" = f()]p(x) & Vt=0[x:=y(t)]p(x) ('(1) = f(¥))
(U] [« UBIP = [o]P A [B]P

1] e B1P < [e][5]P

[ [a*]P < P Aa]la"]P

Ka](P = Q) = ([P — []Q)

I [a*](P — [a@]P) — (P — [a*]P)

C [@*]Vv>0(P(v) = (a)P(v—1)) = Vv (P(v) — (a*)3v<0P(v))
LICS'12,JAR'16
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