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Learning Objectives

Ghosts & Differential Ghosts

rigorous reasoning about ODEs
extra dimensions for extra invariants
higher-dimensional retreat

extra state enables reasoning

invent dark energy

intuition for differential invariants
states and proofs

none: ghosts are for proofs relations of state
mark ghosts in models extra ghost state
syntax of models CPS semantics

solutions of ODEs
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9 Recap: Proofs for Differential Equations
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Differential Invariants for Differential Equations

Differential Weakening

QrF
Pt [x' = f(x)& Q|F

QF [x :=Ff(x)](F)
FE[x=1f(x)&Q|F

FEX =f(x)&Q]C FI-[xX =f(x)& QA C]F
Ft [x =1f(x)&Q|F

DW [ = F(x)& QIF & [¢' = F(x) & QI(Q — F)
DI [x = f(x) & Q]F + (Q = F A [x' = f(x) & Q](F)’)

DC (X' = f(x) & Q)F + [xX' = f(x) & QA C]F) + [x' = f(x) & Q]C
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© The Ghosts of CPS
@ Arithmetic Ghosts
@ Ghosts of Choice
o Differential-algebraic Ghosts
@ Discrete Ghosts
o Differential Ghosts
@ Substitute Ghosts
@ Solvable Ghosts
@ Axiomatic Ghosts
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Wait, what about ...
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q@ ek
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

@e— k& er(-1)k
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

@e— k& er(-1)k

Q -—-¢
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)

a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*

P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P
def

Q@e—k = e+ (-1)k

def
QO ¢ = 0-—¢
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)k
Q -—-¢ def 0—e
Q ¢
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)k
Q -—-¢ def 0—e
Q " dzefe )
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
Q -—-¢ d=61:0—e

n def . T
Q@ " = e-...-ene&Ntimes, not e
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)k

Q —e¢ L o—e

Q e gef e-...-en& N times, not "
Q e/k
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k & depends
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Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

def
e/k def depends g=2% = gc=0>b

Cc

André Platzer (CMU) 6 /23



Arithmetic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
Q -—-¢ d=61:0—e
Q " d=6fe-...-enGNtimes,note’r
def def
Q e/k = depegds q=’§ = gc=0>b
qi=-

C
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

@e— k& er(-1)k

def
—e € 0—¢
def .
n & e-...-en¢€N times, not e™

def
e/k def depends g=2% = gc=0>b

e
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k def depegds g=2 o gc = b where ¢ # 0

Cc

g:=— ~ q:=x, ’gqc=bAc#0
c
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k def depegds g=2 o gc = b where ¢ # 0

Cc

g:=— ~ q:=x, ’gqc=bAc#0
c

b
x:=2+—-+e€
c
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k def depegds g=2 o gc = b where ¢ # 0

Cc

g:=— ~ q:=x, ’gqc=bAc#0
c

b
x=2+—+e ~ q:=% ?gc=0b ; x:=2+qg+e
c
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k def depegds g=2 o gc = b where ¢ # 0

Cc

g:=— ~ q:=x, ’gqc=bAc#0
c

b
x:=24+—4+e ~ qg:=x% 1gc=bAc#0; x:=2+qg+e
c
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k def depegds g=2 o gc = b where ¢ # 0

Cc

g =— ~ q:=x% 'gc=bAc#0
c
b
x:=24+—4+e ~ qg:=x% 1gqc=bAc#0; x:=2+qg+e
c

x:=a+\/@
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def

Q@e—k = e+ (-1)-k
—e ¥ o-e
n def . -
e” = e-...-enecNtimes, not e

e/k def depegds g=2 o gc = b where ¢ # 0

Cc

g:=— ~ q:=x, ’gqc=bAc#0
c

b
x:=24+—4+e ~ qg:=x% 1gc=bAc#0; x:=2+qg+e
c

X:=a+ /4 ~ gi=%; ?q2=4y;x:=a+q

André Platzer (CMU) 6 /23



Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def
Qe—k = et (-1) -k
Q -—-¢ d=6f0—e
n def . T
Q@ " = e-...-ene&Ntimes, not e

def
Q e/k def depends q=’§ = gc = b where ¢ # 0
b
g:=— ~ q:=x, ’gqc=bAc#0
c
b
x:=24+—4+e ~ qg:=x% 1gc=bAc#0; x:=2+qg+e
c
x:=a+ /4 ~ o gi= ?q2=4y/\4y20;x:=a+q
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Arithmetic Ghosts / Ghosts of Division

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

def
Qe—k = et (-1) -k
Q -—-¢ d=6f0—e
n def . T
Q@ " = e-...-ene&Ntimes, not e

@[arithmetic ghost: auxiliary for the model Jhere ¢ £ 0

q:zg ~\q:=%; 7gqc=bAc#0

b
x:=24+—4+e ~ qg:=x 1gc=bAc#0; x:=2+qg+e
c

x=a++\/by ~ qi=x 7¢°=4yNdy>0;, x:=a+q
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Arithmetic Ghosts / Ghosts of Division
en=x|x|fle)| e+ k|e-k|(e)

a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*

P:=e>k|pe)| "P|PAQ|VxP|3xQ| [P | (a)P
@e— k& er(-1)k

Q —-¢ def 0—e

def .
(ﬁe”:ee- -eneN times, not e
n

ondeterministic assignment g := % not in syntax) 20

q::[—J ~ \q::*; gqc=bAc#0

c
b
x:=24+—4+e ~ qg:=x 1gc=bAc#0; x:=2+qg+e
c

x=a++\/by ~ qi=x 7¢°=4yNdy>0;, x:=a+q
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := % not in HP syntax.
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x

André Platzer (CMU) 7/23



Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x

[x:=x*] = {(w,v) : v =w except for value of x (any R)}
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}

(%) (x :=%)P +

[*] [x :=+]P «<

7/
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(%) (x:=*)P <> 3Ix P

(4] [x = 1P 5 VP

7/
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(%) (x:=*)P <> 3Ix P

(4] [x = 1P 5 VP

@ Or derived definition
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(%) (x:=*)P <> 3Ix P

(4] [x = 1P 5 VP

@ Or derived definition

=)
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(%) (x:=*)P <> 3Ix P

(4] [x = 1P 5 VP

@ Or derived definition

=)

xi=% B X =1Ux' = -1
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x

[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(%) (x:=*)P <> 3Ix P

(4] [x = 1P 5 VP

@ Or derived definition

o
(0]
L

Derived |vase
x=»

xX =1Ux"=-1

o
[0}
=
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add
an=...|x=x
[x:=%] = {(w,v) : v=w except for value of x (any R)}
(x:=#%)P <> 3IxP
[x :=%]P <> Vx P

@ Or derived definition

P—— X' =1Ux"=-1
xi=+ £ x'=Lx=-1
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add
an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(x:=#%)P <> 3IxP

L — +]| Pecn Mo D
(discrete time?] continuous time?)

\ / @ Or derived definition
P—— X' =1Ux"=-1
X =% déf X =1x=-1
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add
an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(x:=#%)P <> 3IxP

[x:=x]P < Vx P
(invisible time! time is relative. )

/ \ @ Or derived definition

P—— X' =1Ux"=-1
xi=+ £ X=Lx=-1
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add

an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(x:=#%)P <> 3IxP

[x:=x]P < Vx P
(invisible time! time is relative. )

/ \ @ Or derived definition

P—— X' =1Ux"=-1
xi=x £ X=1=-1

(XZ:* * x = l,t/: 1UX = —]_,t/: 1 visible time
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Ghosts of Choice: Nondeterministic Assignment

Nondeterministic assignment x := x not in HP syntax. @ Modular add
an=... | x:=x
[x:=x*] = {(w,v) : v =w except for value of x (any R)}
(x:=#%)P <> 3IxP
[x :=%]P <> Vx P

@ Or derived definition

é

(I'm just a ghost of your imagination. I'm definable.
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Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q e/k o depends ef

alg
o

q= gc = b where ¢ #0

André Platzer (CMU)
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Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| -P|PAQ|VYxP|3xQ|[a]P ]| (a)

ef

(4] e/k depends qg=

alg
o

gc = b where ¢ #0

’=— & c£0 A )il>o
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Differential-algebraic Ghosts
en=x|x|fle)| e+ k|e-k|(e)
ar=x=e|?7Q | X =f(X)&Q | aUB|a;8 | a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q e/k o depends ef

alg
o

q= gc = b where ¢ #0

2 1
x’—?x&c;éO/\ XT>0 ~ qi= s 7ge=1; x'=2xq& c#£0 A (x+1)g>0
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Differential-algebraic Ghosts
en=x|x|fle)| e+ k|e-k|(e)
ar=x=e|?7Q | X =f(X)&Q | aUB|a;8 | a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q e/k o depends ef

alg
o

q= gc = b where ¢ #0

2 1
x’—?x&c;éO/\ XT>0 o qi= % 7ge=1; x'=2xq& c#£0 A (x+1)g>0

X' =S &2x£0 A >0
2x 2x
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Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

ef

Q e/k def depends g =

alg
o

gc = b where ¢ #0

2 1
x’—?x&c;éO/\ XT>0 o qi= % 7ge=1; x'=2xq& c#£0 A (x+1)g>0

x':i & 2x#0 A §>O ~s qi=#;7q2x=1; x'=cq & 2x#0 A cg>0

JLogComput'10
André Platzer (CMU)

8 /23


http://dx.doi.org/10.1093/logcom/exn070

Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

ef

Q e/k def depends g =

alg
o

gc = b where ¢ #0

XI_2?X&C?50/\X71>0 ~ qi=x;7qc=1; x'=2xq & c#0 A (x+1)g>0

x'=2i & 2x#0 A 2i>0 sr qi=*;7q2x=1; xX'=cq & 2x#0 A cg>0
X X

(inverse only of initial x

JLogComput'10
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Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

ef

Q e/k def depends g =

alg
o

gc = b where ¢ #0

2 1
x’—?x&c;éO/\ XT>0 o qi= % 7ge=1; x'=2xq& c#£0 A (x+1)g>0

x':i & 2x#0 A §>O sr qi=%;7q2x=1; xX'=cq & 2x#0 A cg>0

change rate of g:

JLogComput'10
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Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q e/k o depends ef

alg
o

q= gc = b where ¢ #0

2 1
x'—% & c£0 A XT>0 o qi= % 7ge=1; x'=2xq& c#£0 A (x+1)g>0
x':i & 2x#0 A §>O sr qi=%;7q2x=1; xX'=cq & 2x#0 A cg>0

1\ -2 25
change rate of q: ¢’ = (2_) _ T Tk €
X

4x2 T 4x2 43
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Differential-algebraic Ghosts
en=x|x|fle)| e+ k|e-k|(e)

a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|pe)| -P|PAQ|VxP|3xQ| [P | (a)

ef

(%) e/k depends

alg
o

q:

gc = b where ¢ #0

g& c#£0 N (x+1)g>0

—&2x7$0/\2—>0 sr qi=*;7q2x=1; x'=

TS 0 A cg>0
1\ -2 25
Co _ 2
change rate of g1 ¢ = (2x) =2z = ?; =35
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Differential-algebraic Ghosts

en=x|x|fle)| e+ k|e-k|(e)
a=x=e|?7Q| X =f(X)&Q | aUB| ;3| a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q e/k o depends ef

alg
o

q= gc = b where ¢ #0

2 1
x'—% & c£0 A XT>0 o qi= % 7ge=1; x'=2xq& c#£0 A (x+1)g>0
x':i & 2x#0 A §>O sr qi=%;7q2x=1; xX'=cq & 2x#0 A cg>0

1\ -2 25
change rate of q: ¢’ = (2_) _ T Tk €
X

4x2 T 4x2 T 43
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en=x|x|fle)| e+ k|e-k|(e)
ar=x=e|?7Q | X =f(X)&Q | aUB|a;8 | a*
P:=e>k|ple)| =P|PAQ|VYxP|3xQ|[a]P | (a)P

Q e/k o depends

(ol
-

q:’E’ = gc = b where ¢ #0

2 1

XI_?X & c#0 N X?>O ~ qi=x;7qc=1; x'=2xq & c#0 A (x+1)g>0
,C 4 c

X _Z(differential—

algebraic ghost: auxiliary for the model l 0Acg>0
TN —-2X 25 c
h teofg: d=(—\= _ 2x
change rate of q: ¢ (2X T

4x2 T 4x3
~ xX'=cq,q = & q2x=1 A 2x#0 A cg>0
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Divisions by Zero

Divisions

@ Scrutinize every division or possible singularity.
@ Missing requirements in the system.

© Stopping distance ‘2’—2 from initial velocity v

Don't divide by zero. It's not worth it.

Divide & Conquer  Divide & Regret
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Divisions by Zero

Divisions

@ Scrutinize every division or possible singularity.
@ Missing requirements in the system.

© Stopping distance ‘2’—2 from initial velocity v

@ ... needs brakes to work b # 0 though ...

Don't divide by zero. It's not worth it.

Divide & Conquer  Divide & Regret
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Discrete Ghosts

M- ly:=elp,A
r-pA

IA (y new)

—R

Fxy—1=0—=[x=x,y=-ylxy=1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

M-ly:=elp,A

IA
r-pA

(v new) p < [y:=elp by [:=]

A xy—1=0F[x=x,y =-ylxy=1

Fxy—1=0—=[x=x,y=-ylxy=1
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Discrete Ghosts

M-ly:=elp,A

IA
r-pA

(v new) p < [y:=elp by [:=]

(discrete ghost remembers function of old state

\

=1 xy—1=0F[c=xy][X =x,y = —y]xy =1

xy—1=0F[x=x,y =-y]lxy=1
Fxy—1=0—=[x=x,y=-ylxy=1

Clou: Ask a ghost to remember some auxiliary state for the proof.

—R

André Platzer (CMU) 10 / 23



Discrete Ghosts

r Fr[y;’ei’”’A (y new) b Iy =elp by =]

B =eb p(y), A
(=)= I'I—[x =e]p(x), A

A

Rxy—1=0,c=xyF[xX =x,y = —ylxy =1
[:=1- xy—1=0F[c=xy][X =x,y =—y]xy =1
A xy—1=0F[x=x,y =—y]lxy=1
R Fxy—1=0—>[X=x,y=—y]xy=1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

A ”r[y;’i”’A (v new) p e Iy = elp by [ =]
=eb p(y), A,

=) 7 = b= elp(x), A ")

I xy—1=0,c=xyF [xX =x,y = —ylc = xy >
Rxy—1=0,c=xyF[x¥ =x,y/ = —ylxy =1

=1 xy—1=0F[c=xy][X =x,y =—y]xy =1

xy—1=0F[x=x,y =-y]lxy=1

R Fxy—1=0—=>[xX=x,y=—ylxy=1

Clou: Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

A ”r[yj”i”’A (v new) p e Iy = elp by =]
=eb p(y), A,

=) 7 = b= elp(x), A ")

o E Xi=lyi=—y]0 = Xy + xy/

I xy—1=0,c=xyF [xX =x,y = —ylc = xy >
Rxy—1=0,c=xyF[xX =x,y = —ylxy =1

=1 xy—1=0F[c=xy][X =x,y =—y]xy =1

xy—1=0F[x=x,y =-y]lxy=1

R Fxy—1=0—=>[xX=x,y=—ylxy=1

Clou: Ask a ghost to remember some auxiliary state for the proof.

André Platzer (CMU) 10 / 23



Discrete Ghosts

A ”r[y;e]A”’A (v new) p e Iy = elp by [ =]
=ebp(y), A,

[7]7 r I— [x :=e]p(x), A\y new)

B F0=xy+x(~y)
[:=] F [x:=x]ly/:=—y]0 = x"y + xy’
I xy—1=0,c=xyF [xX =x,y = —ylc = xy >

Rxy—1=0,c=xyF[xX =x,y = —ylxy =1
=1 xy—1=0F[c=xy][X =x,y =—y]xy =1
xy—1=0F[x=x,y =-y]lxy=1
R Fxy—1=0—=[xX=x,y =-y]lxy=1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Discrete Ghosts

A ”r[y;e]A”’A (v new) p e Iy = elp by [ =]
=ebp(y), A,

[7]7 r I— [x :=e]p(x), A\y new)

*

B F0=xy+x(=y)
o F X =x]ly=—y]0 = Xy + xy’
I xy—1=0,c=xyF [xX =x,y = —ylc = xy >

Rxy—1=0,c=xyF[xX =x,y = —ylxy =1
=1 xy—1=0F[c=xy][X =x,y =—y]xy =1
xy—1=0F[x=x,y =-y]lxy=1
R Fxy—1=0—=[xX=x,y =-y]lxy=1
Clou: Ask a ghost to remember some auxiliary state for the proof.
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Ex: Exponentials

Counterexample ()

P x>0F[x=—x]x>0

X
X0 s

0 - t
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[:=1 Fx:=—=x]x >0
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Ex: Exponentials

Counterexample (Cannot prove like this)

not valid

[:=1 Fx:=—=x]x >0
I x>0F[x=—x]x>0

X
X0 X

0 - t
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Ex: Exponentials

Counterexample (Cannot prove like this)

not valid

[:=1 Fx:=—=x]x >0
I x>0F[x=—x]x>0

X
X0 s
*%

~
+ et

0 - t Matters get worse over time
André Platzer (CMU) 11 /23




Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

oA x>0F[xX'=—x]x>0

; t
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

B x>003yx2=1 9 x2=1F [x = —x,y = xy? =1

oA x>0F[xX'=—x]x>0

; t
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

*

R x>043y xy2=1 d

oA X>0|—[x’:—x]x>0/
'differential ghost: dream me up'

xy?=1F [x' = —x,y = 4lx? =1

; t
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

" F =l =E Iy hx2yy /=0
dl

R x>063y xy2=1 xy?=1F[x' = —x,y = 4lx? =1

oA x>0F[xX'=—x]x>0

; t
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

R F—xy? + 2xy% =0

" F =l =E Iy hx2yy /=0

B x>003yx2=1 ¢ x2=1F [x¥ = —x,y = 2 =1

oA x>0F[xX'=—x]x>0

; t
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Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

*

R F—xy? + 2xy% =0

" P =l =E Iy X2y /=0

B x>003yx2=1 ¢ x2=1F [x = —x,y = xy? =1

oA x>0F[xX'=—x]x>0

0 -
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" P =l =E Iy X2y /=0

B x>003yx2=1 ¢ x2=1F [x = —x,y = xy? =1

oA x>0F[xX'=—x]x>0

André Platzer (CMU) 12 /23


http://symbolaris.com/info/ex/KeYmaera--exp-.jnlp

Differential Ghosts: Proofs in Extra Dimensions

Example (@ Sneaky proof)

*

R F—xy? + 2xy% =0

" P =l =E Iy X2y /=0
dl

R x>063y xy2=1 xy?=1F[x' = —x,y =4lx?=1

oA x>0F[xX'=—x]x>0
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Differential Ghosts

Differential Ghost
\ Fove GF [X' = f(x),y’ = g(x,y) & Q]G
Ft [x =f(x)&Q|F
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Differential Ghosts

Differential Ghost
\ Fove GF [X' = f(x),y’ = g(x,y) & Q]G
Ft [x =f(x)&Q|F

if new y’' = g(x,y) has a global solution
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Differential Ghosts

Differential Ghost
A Fov6 GF [X' = f(x),y’ = g(x,y) & Q]G
Ft [x =f(x)&Q|F

if new y’' = g(x,y) has a global solution
such as linear g(x,y) o a(x)y + b(x)

/

(I can invent time y’ = 1 for you
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Differential Ghosts

Differential Ghost
Fedy G GF[X =f(x),y =g(xy)&QlG

oA FF ¥ =) &QIF

if new y’' = g(x,y) has a global solution
such as linear g(x,y) o a(x)y + b(x)

Differential Ghost

DG [X' = f(x)& QP «+ Ty [x' = f(x),y’ = a(x)y + b(x) & Q]P
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Substitute Ghosts

A x>0F[xX'=—x]x>0
X
X
0 ,‘a/§
~
“+ Xoeft
0 - t

Matters get worse over time
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Substitute Ghosts

B x>0 3yx?=1 ¢ xy2=1F [x¥ = —x,y' = (::}]xy2 =1

A x>0F[xX'=—x]x>0
X
X
0 ,‘a/§
~
“+ Xoeft
0 - t

Matters get worse over time
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Substitute Ghosts

*

B x>0 3yx2=1 ¢ xy2=1F [x = —x,y' = (::}]xy2 =1

oA x>0F[xX'=—x]x>0
X
X
0 */§
~
“+ Xoeft
0 - t

Matters get worse over time
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Substitute Ghosts

* [:= H [x’::—x][y’::{:::}]x’yz—i—nyy’:O
Bl x>00 dyx?=1 ¥ x2=1F[x = —x,y/ = (::}]xy2 =1

A x>0F[xX'=—x]x>0
X
X
0 */§
~
“+ Xoeft
0 - t

Matters get worse over time
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Substitute Ghosts

= —xy2+2xy<:>:O
* [:= H [x’::—x][y’::(czj}]x’yz—i—nyy’:O
Bl x>00 dyxy?=1 ¥ x2=1F[x = —x,y/ = (::}]xy2 =1

A x>0F[xX'=—x]x>0
X
X
0 */§
~
“+ Xoeft
; t

Matters get worse over time
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Substitute Ghosts

could prove if Q =%
F —xy2+2xy<:>:0
* [:=] = [x’::—x][y'::z::)]x’y2+x2yy’:0
B x>0 3yx2=1 ¢ xy2=1F [x¥ = —x,y' = (::}]xy2 =1

A x>0F[xX'=—x]x>0
X
X
0 */§
~
=+ Xoeft
; t

Matters get worse over time
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Substitute Ghosts

could prove if Q =%
F —xy2+2xy<:>:0
* [:=] = [x’::—x][y'::z::)]x’y2+x2yy’:0
B x>0 3yx2=1 ¢ xy2=1F [x¥ = —x,y' = (i::}]xy2 =1

A x>0F[xX'=—x]x>0
X
X
0 */§
~
=+ Xoeft
; t

Matters get worse over time
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Substitute Ghosts

could prove if § = % proved!
2 _
F—xy*+2xy4y =0
* [:=] FIx==x]ly =% Ix'y*+x2yy’=0

B x>0 Iyx2=1 ¢ xy2=1F [x¥ = —x,y = 2 Ix?=1

oA x>0F[xX'=—x]x>0
X
X
0 */§
~
“+ Xoeft
0 - t

Matters get worse over time
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Substitute Ghosts

could prove if j(y) =%

F—xy?+2xyj(y) =0

* =] F ==x]ly"==i(y) IX'y?+x2yy'=0

B x>00 3yx2=1 9 x2=1F[x = —x,y =j(y) ]xy2 =1

oA x>0F[xX'=—x]x>0
X
X
0 */§
~
g xpe t
; t

Matters get worse over time
Function symbol j(y) can play the role of a ghost
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Substitute Ghosts

could prove if § = % proved!
2 _
F—xy*+2xy4y =0
* [:=] FIx==x]ly =% Ix'y*+x2yy’=0

B x>0 Iyx2=1 ¢ xy2=1F [x¥ = —x,y = 2 Ix?=1

oA x>0F[xX'=—x]x>0
X
X
0 */§
~
=+ Xoeft
0 - t

Matters get worse over time
Function symbol j(y) can be substituted uniformly
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Substitute Ghosts

could prove if j(y) =%

F—xy?+2xyj(y) =0

* =] F ==x]ly"==i(y) IX'y?+x2yy'=0

B x>00 3yx2=1 9 x2=1F[x = —x,y =j(y) ]xy2 =1

oA x>0F[xX'=—x]x>0
X
X
0 */§
~
=+ Xoeft
0 - t

Matters get worse over time
Function symbol j(y) needs to be instantiated linearly in y
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Solvable Ghosts: Axiomatic Differential Equation Solver

@® DG introduces time t, DC cuts solution in, that DI proves and

® DW exports to postcondition

® inverse DC removes evolution domain constraints

O inverse DG removes original ODE

@ DS solves remaining ODE for time [x'=c()]P > Vt>0 [x := x+c()t]P

*

R o Vs>0(x0 + 25° + ws > 0)

g Vs>0[t:=0+ 1s]xo + 22 + vt > 0

PCoF [t =1]x+ 2t° + wt >0

oV =a,t =1]x0+ 2t + vt > 0

Py F X' =v,v =a,t' =1]x+ 3"+ wt >0 >
PCo X' =v,v =a,t' =1&v =w+at]x + 2t° + vot >0 >
PCoh F [x :v,v':a,t'zl&vzvo+at/\X=xo+gtz—i-votxo—l—gtz—l—votzo
Mo F X =v,v =a,t =1&v=wv+atAx=x + gtz—l—vot(x:xo+§t2+vot—>x20)

~|

PWe X' =v,v =at'=1&v=w+atAx=x+ 3t + wit]x >0 >
PoF X =v,v =a,t =1&v=v +atlx >0 >
oFIX =v,v =a,t' =1]x >0 t:=0

pFItX =v,v =a,t' =1]x >0
PO X =v,v =alx>0
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> Proving Solutions of Differential Equations

These are the side branches elided above by >

Tor X =v,v=a,t =1v= v +at

dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t
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> Proving Solutions of Differential Equations

These are the side branches elided above by >

R V=gt =1V = at
Tor X =v,v=at =1v=w +at

dl qSI—[x’=v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t
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> Proving Solutions of Differential Equations

These are the side branches elided above by >

B hra=a1
R V=gt =1V = at
Tor X =v,v=at =1v=w +at

dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
*

B hra=a1
B R V=gt =1 = at
Tor[X=v,v=a,t =1]v = v + at

dl qSI—[x’=v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t

André Platzer (CMU) 16 / 23



> Proving Solutions of Differential Equations

These are the side branches elided above by >
*

Fa=a-1
B R V=gt =1 = at
Tor[X=v,v=at =1v=w +at

R

T Ry = v+ at — [x' = V][t :=1]x" = att’ + vt

dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
*
B hra=a1
B R V=gt =1 = at
Tor[X=v,v=at =1v=w +at

R Fv=w+4+at—ov=at-1+vy-1
BT v = v+ at o X = ][ = 1)K = att + vt
dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
*
B hra=a1
B R V=gt =1 = at
Tor[X=v,v=at =1v=w +at

*
R Fv=w+4+at—ov=at-1+vy-1
e v = v at o X = v][E = 1)K = att + vt
dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
*
B hra=a1
B R V=gt =1 = at
Tor[X=v,v=at =1v=w +at

*
R Fv=w+4+at—ov=at-1+vy-1
e v = v at o X = v][E = 1)K = att + vt
dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t

But ¢ needs v = vy A x = xg initially
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> Proving Solutions of Differential Equations

These are the side branches elided above by >
*

B hra=a1
=1 [V :=a][t':=1]v' = at’
Tor[X=v,v=at =1v=w +at

*
R Fv=w+4+at—ov=at-1+vy-1
=y = vo + at — [x == V][t :=1]x = att’ + vt
dl qSI—[x’:v,v’=a,t’=1&v=vo+at]x=xo+§t2+v0t

But ¢ needs v = vy A x = xg initially
Discrete ghosts to the rescue: [xp:=x][vp:=V]...
who can remember initial value on demand.
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Air Traffic Control
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Air Traffic Control
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Air Traffic Control

AY
N\
>
/

Verification?

looks correct NO!
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Air Traffic Control

Y2
0
w

) oA e

. d ‘

Z1 Y1
X = —vi+wp cos ) 4+ wxy
Xy = vasint —wxy
V= w—w
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Air Traffic Control

S
Y2
[)
w
1 d 1
T Y1
X1 = —vit+vacost + wxo
Xp = vo sin ) — wxy
V= w—w

Example (“Solving” differential equations)

1 . . .
xi(t) = — (xlww €oSs tw — Vow €os twsin ¥ + vow cos tw cos two sin ¥ — vy sin tw
ww

+ XoWTT SN tw — Vow €os 1Y €os oo sin tw — vowV 1 — sin 92 sin tw
~+ vow cos ¥ cos tw sin two + vow sin 4 sin tw sin tw) -
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1 d 1
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Example (“Solving” differential equations)

V>0 — (xlww €os tw — vow €os tw sin ¥ + vow cos tw cos tw sin 1 — vy sin tw
ww

+ XoWwwo SiN tw — Vow €os Y cos to sin tw — vowV 1 — sin 92 sin tw
+ vow cos 1 cos tw sin two + vow sin ¥ sin tw sin tw) ...
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\forall R ts2.
(0 <= ts2 & ts2 <= t2_0
-> ¢ (om_1)"
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * ts2)

+ om_1 * v2 * Cos(om_1 * ts2) * (1 + -1 * (Cos(u))"2)"(1 / 2)
+ -1 % omb_1 * vi1 * Sin(om_1 * ts2)
+ om_1 * omb_1 * x2 * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(u) * Sin(om_1 * ts2)
+ -1 % om_1 * v2 * Cos(omb_1 * ts2) * Cos(u) * Sin(om_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) #* Cos(u) * Sin(omb_1 * ts2)
+ om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Sin(u)
+om_1 * v2 * Sin(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))
“2
+  ( (om_1)"-1
* (omb_1)"-1

* (-1 % omb_1 * vl * Cos(om_1 * ts2)

om_1 * omb_1 * x2 * Cos(om_1 * ts2)

omb_1 * vl * (Cos(om_1 * ts2))°2

om_1 * v2 * Cos(om_1 * ts2) * Cos(u)

-1 * om_1 * v2 * Cos(om_1 * ts2) * Cos(omb_1 * ts2) * Cos(u)
-1 % om_1 * omb_1 * x1 * Sin(om_1 * ts2)

-1

om_1

v2

(1 + -1 % (Cos(w)"2)~(1 / 2)

Sin(om_1 * ts2)

omb_1 * v1 * (Sin(om_1 * ts2))"2

-1 % om_1 * v2 * Cos(u) * Sin(om_1 * ts2) * Sin(omb_1 * ts2)
-1 % om_1 * v2 * Cos(omb_1 * ts2) * Sin(om_1 * ts2) * Sin(u)
om_1 * v2 * Cos(om_1 * ts2) * Sin(omb_1 * ts2) * Sin(u)))

+ o+ o+ o+

*
*
*
*

+ + + +

“2
>= (p)"2),
t2_0 >= 0,
X172 + x2°2 >= (p)~2
==>
André Platzer (CM




\forall R t7.

( t7>0
-> C (om_3)"-1
* ( om_3
* ( (om_1)"-1
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * t2_0)
+ om_1
* v2

* Cos(om_1 * t2_0)

* (1 + -1 % (Cos(w)"2)~(1 / 2)

-1 % omb_1 * vi * Sin(om_1 * t2_0)
om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)
-1

om_1

v2

Cos(omb_1 * £2_0)

Cos (u)

Sin(om_1 * t2_0)

+ om_1

v2

Cos(om_1 * t2_0)

Cos (u)

Sin(omb_1 * t2_0)

+ om_1

v2

Cos(om_1 * t2_0)

Cos(omb_1 * t2_0)

Sin(u)

+ om_1

v2

Sin(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

+ o+
LR I LR LR I

* Ok X %
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* Cos(om_3 * t5)

+  v2

* Cos(om_3 * t5)

* (1

+ -1
* (Cos(-1 * om_1 * £t2_0 + omb_1 * t2_0 + u + Pi / 4))"2)

“1/2)
+ -1 % vl * Sin(om_3 * t5)
+ om_3

* ( (om_1)"-1

* (omb_1)"-1

* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)

+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * vi * (Cos(om_1 * t2_0))"2
+ om_1 * v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1

* om_1

* v2

* Cos(om_1 * t2_0)

* Cos(omb_1 * t2_0)

* Cos(u)
+ -1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1

* om_1

* v2

* (1 + -1 % (Cos(u))"2)"(1 / 2)
* Sin(om_1 * t2_0)

+ omb_1 * vl * (Sin(om_1 * t2_0))"2
+ -1

* om_1

* v2

* Cos(u)

* Sin(om_1 * t2_0)

* Sin(omb_1 * t2_0)
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+ -1

om_1

v2

Cos(omb_1 * t2_0)

Sin(om_1 * t2_0)

Sin(u)

+ om_1

v2

Cos(om_1 * t2_0)

Sin(omb_1 * t2_0)

Sin(u)))

Sin(om_3 * t5)

+ v2

Cos(-1 * om_1 * t2_0 + omb_1 * t2.0 + u + Pi / 4)
Sin(om_3 * t5)

+ V2

(Cos(om_3 * t5))"2

Sin(-1 * om_1 * t2.0 + omb_1 * t2.0 + u + Pi / 4)
+  v2

(Sin(om_3 * t5))"2

Sin(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)))

EEE

*
PR

* ¥

* *

* ¥

“2
+ ( (om_3)"-1
* (-1 *x vl * Cos(om_3 * t5)
+ om_3
* ( (om_1)"-1
* (omb_1)"-1
* (-1 *x omb_1 * vl * Cos(om_1 * t2_0)
+ om_1 * omb_1 * x2 * Cos(om_1 * t2_0)
+ omb_1 * v1 x (Cos(om_1 * t2_0))"2
+ om_1 *x v2 * Cos(om_1 * t2_0) * Cos(u)
+ -1
om_1
v2
Cos(om_1 * t2_0)
Cos(omb_1 * £2_0)
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+

-1 % om_1 * omb_1 * x1 * Sin(om_1 * t2_0)
+ -1
om_1
v2
(1 + -1 % (Cos(u)"2)"(1 / 2)
Sin(om_1 * t2_0)
omb_1 * vi * (Sin(om_1 * £2_0))"2
+ -1
om_1
v2
Cos (u)
Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
+ -1
om_1
v2
Cos(omb_1 * t2_0)
Sin(om_1 * t2_0)
Sin(u)
+ om_1
v2
Cos(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))
* Cos(om_3 * t5)
+ vl * (Cos(om_3 * t5))"2
+  v2
Cos(om_3 * t5)
Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
+ -1
* v2
(Cos(om_3 * t5))"2
Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4)

*
*
*
*

+
PRI EEE * K X X ¥

* ¥

* ¥
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+ -1
* om_3
* ( (om_1)"-1
* (omb_1)"-1
* ( om_1 * omb_1 * x1 * Cos(om_1 * t2_0)
+ om_1
* v2
* Cos(om_1 * t2_0)
* (1 + -1 % (Cos(u))~2)"(1 / 2)
-1 % omb_1 * vi * Sin(om_1 * t2_0)
om_1 * omb_1 * x2 * Sin(om_1 * t2_0)
om_1 * v2 * Cos(u) * Sin(om_1 * t2_0)
-1
om_1
v2
Cos(omb_1 * t2_0)
Cos (u)
Sin(om_1 * t2_0)
+ om_1
v2
Cos(om_1 * t2_0)
Cos (u)
Sin(omb_1 * t2_0)
+ om_1
v2
Cos(om_1 * t2_0)
Cos(omb_1 * t2_0)
Sin(u)
+ om_1
v2
Sin(om_1 * t2_0)
Sin(omb_1 * t2_0)
Sin(u)))
* Sin(om_3 * t5)

+ o+ o+
LR O LR I

* K X ¥

*
*
*
*
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+ -1
* (Cos(-1 * om_1 * t2_0 + omb_1 * t2_.0 + u + Pi / 4))°2)

“1/2)
* Sin(om_3 * t5)

+ vl * (Sin(om_3 * t5))"2

+ -1
* v2
* Cos(-1 * om_1 * t2_0 + omb_1 * t2_0 + u + Pi / 4)
* (Sin(om_3 * t5))"2))

"2
>= (p)~2)

This is just one branch to prove for aircraft ...
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Air Traffic Control
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Y2
0
w
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o Y1
x; = vcost Y] = Ucosg
Xy = vsind Y5 = using
¥V =w Jd =0
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Air Traffic Control

S
Y2
0
w
Il d Il
o o
x; = vcost Y] = Ucosg
Xy = vsind Y5 = using
!/ ! __
) ¥ =w S=p
vsind
X1
\ v cos )
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Air Traffic Control

1 n
Xy =vcost =vi Yy = Uucoss

Xy =vsind =v, y;=using

/I I __
) ¥ =w S =p
W\n\
\ vsind V2
X1
\ vi = vcost )
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Differential Axiomatization of Flight Dynamics

S
Y2

T2 Iji/\:ﬁw €
d

~ 1 Y1 i
Xy =vcosd =v; y]=ucoss=u

4

Xo =vsind =vy y, =using = u

V1: u1:
! !
Vo up =
_ﬁ’_w d=0 J
v, =
vy =
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Differential Axiomatization of Flight Dynamics

S
Y2

T2 Iji/\:ﬁw €
d

~ 1 Y1 i
Xy =vcosd =v; y]=ucoss=u

4

Xo =vsind =vy y, =using = u

v = u; =
g = y =
9 =w glzg

vi = (vcosd) = v/ cosd + v(—sin )’
vs = (vsin®d) = v'sind + v(cos V)’
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Differential Axiomatization of Flight Dynamics

S
Y2

[ x] = vcost) =vi Y| = ucoss = u]

Xo =vsind =vy y, =using = u

i= i =
vy = uy =
9 =w glzg

vi = (vcosd) = v/ cosd + v(—sin )y = —(vsind)w
vy = (vsind) = Vv'sind + v(cos¥)¥ = (vcosd)w
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Differential Axiomatization of Flight Dynamics

S
Y2

T2 Iji/\:ﬁw €
d

B 1 Y1 _
Xy =vcosd =v; y]=ucoss=u

4

Xo =vsind =vy y, =using = u

Vi = —ww up =
vé = wwv ué —
_19' =w J =0 ]
vi = (vcosd) = v/ cosd + v(—sind)d = —(vsind)w = —wwy
vy = (vsind) = V'sind + v(cos ) = (vcos?)w = wwv
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Differential Axiomatization of Flight Dynamics

S

Y2
0
T2 E;:ﬁw €
Il d Il
T1 Y1
_— , -
Xy =Wvi yi=u
/ /
Xp = W2 Yo = U2
/ /
Vi= —wwvy U = — ol
/ /
Vpy= wvi U= 0u
vi = (vcosd) = v/ cosd + v(—sind)d = —(vsind)w = —ww
vy = (vsind) = Vv'sind + v(cos ) = (vcos?d)w = wwv

v=|l(vi, )l =/ v§ +v3
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» Differential Invariants for Aircraft Roundabouts

Flx{=vi, v = —wva,x§ = vo,v5 = wvy, . ](x1 — y1)° + (x2 — y2)* > p°
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» Differential Invariants for Aircraft Roundabouts

02 2 2 02 2
N = . = G = T3

Ox1 1 Oxo 2 v 2 = Oxg
Flg=vi, v = WV2»X2 =v,Vb=wvy,.J(xi —y1)° + (e —y2)* > p
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» Differential Invariants for Aircraft Roundabouts

02 2 2 02 2
N = . = G = T3

Ox1 1 Oxo 2 v 2 = 9xp
Flxq=wv, v = WV2»X2 =v,vb=wvy,.J(xi —y1)° + (e —y2)* > p
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» Differential Invariants for Aircraft Roundabouts

Alx—yl? || —y|? 3||X y|1? || y||2 op?
[ T V1T it T e vt u22é971v1... . .
Flxp=vi, vy = —ww,xp =va, vy = wvy, ~-](X1 )+ e—y)>p
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» Differential Invariants for Aircraft Roundabouts

F2(x1 —y1)(vi — 1) +2(x2 — y2)(vo — tp) >0

2 2 2
- 8||>(<9;1y|| Vi + allx y1y” L + 8”X><2y” vy + 3|I yll " > V1
Flx{=vi,yy = —wvo,x) = Vo, vj = wvy,. ](X1 }/1)2 + (x —Y2)2 >p
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» Differential Invariants for Aircraft Roundabouts

F2(x1 —y1)(vi — 1) +2(x2 — y2)(vo — tp) >0
FoOlyl? oy Oyl 3||X A2y, 4 8|| yll Uy > —V1

Ox1 Iy1 0x2
Flxi=vi,vi = —wva, x5 = va, vy = wvy,. ](X1 }/1)2 + (x —Y2)2 > p?
Yy
e |
e «‘

>
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» Differential Invariants for Aircraft Roundabouts

F2(x1 —y1)(vi — 1) +2(x2 — y2)(vo — tp) >0
] e T I [ GV 8|| yll Uy > 8/9 v

— 2 — 2 2 2
Flq=vi,vi = —wve,xp = v, v = wwvp,. ](Xl 1) (X2 —Y2) >p
Yy AN
B ay
\} N
e «‘
d\e
d
V= —ww, U] = —wup, X = v, v =wvr, v — o = —w(xe — yo)
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» Differential Invariants for Aircraft Roundabouts

F20a —y1)(—wle —y2)) + 20 — y2)w(x1 —y1) >0
F2(x1 —y1)(vi — 1) +2(x2 — y2)(vo — tp) >0

Allx—yl? Allx—yl? Allx—=y? a|| yll > o
|_/6X1V+ ylu-l— X2v-|— U 2v1 . ;
Flq=vi, vy = —wve,xp = v, v = wwvp,. ](Xl i) +e—y)>p
y
e <=7
e «‘
R
/ / / / _
V= —ww, U] = —wup,xh = v, v =wwp, v — o = —w(xe — )
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» Differential Invariants for Aircraft Roundabouts

F20a —y1)(—wle — y2)) +2(x — y2)w(x1 —y1) >0
F2(x1 —y1)(vi — 1) +2(x2 — y2)(v2a — up) > 0

Allx—yl? Allx—yl? Allx—=y? 8|| yll > o
l—/axlv+ ylu-l— X2v+ U 2v1 . ;
Flq=vi, vy = —wve,xp = v, v = wwvp,. ](Xl i) +e—y)>p
y
e <1
>
Ovi—u) s | Ovi—) s _  Owlae—y2) 1 Owlxx—y2) /s
T e e U g R Ay, V-
/ / / / _
V= —ww, U] = —wup,xh = v, v =wwp, v — o = —w(xe — )
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» Differential Invariants for Aircraft Roundabouts

F20a —y1)(—wle — y2)) +2(x — y2)w(x1 —y1) >0
F2(x1 —y1)(vi — 1) +2(x2 — y2)(v2a — up) > 0

Allx—yl? Allx—yl? Allx—=y? 8|| yll > o
l—/axlv+ ylu-l— X2v+ U 2v1 . ;
Flq=vi, vy = —wve,xp = v, v = wwvp,. ](Xl i) +e—y)>p
y
e <1
>
Ovi—u) s | Ovi—) / _  Owlae—y2) 1  Owlxx—y2)
e S TR U g R Ay, )
/ / / / _
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» Differential Invariants for Aircraft Roundabouts

F20a —y1)(—wle — y2)) +2(x — y2)w(x1 —y1) >0
F2(x1 —y1)(vi — 1) +2(x2 — y2)(v2a — up) > 0

Allx—yl? Allx—yl? Allx—=y? 3|| Y|| > o
l—/axlv+ ylu-l— X2v+ U 2v1 . ;
Flq=vi, vy = —wve,xp = v, v = wwvp,. ](Xl i) +e—y)>p
y
e <1
>
Olvi—u1) Olvi—u1) __ Ow(xx—y2) — Ow(x2—y2)
- /Bvl ( wvz)/-i— Juy ( /wu2) _/ g 2 Oy, U2
V= —wwm, U] = —wue,xh = v, v =wwvr, v — o = —w(xe — o)
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Differential Invariants for Aircraft Roundabouts

F 20 —y1)(—wlxe — y2)) +2(x2 — y2)w(x1 —y1) > 0

F2(x1 —y1)(vi — 1) +2(x2 — y2)(v2a — up) > 0

Allx—yl? Allx—yl? Allx—=y? 3|| Y|| > o
|_/8X1V+ y1u-|— X2v+ uo 2v1 . .
Flq=vi, vy = —wve,xp = v, v = wwvp,. ](X1 i)+ 0 —y) >p

y
e <1
>
F—wwv +wu = —w(va — wp)
d(v1 u1) I(vi—u1) __ Ow(xx—y2) _ Ow(x2—y2)
F (—wva) + =5 ( lwuz) Sl Vo Gy U2
. [V1 = —ww,U] = —wilp,Xb =,V =wvi,.Jvi —u1 = —w(x2 — y2)
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» Differential Invariants & Differential Cuts

F20a —y1)(—wle — y2)) +2(x — y2)w(x1 —y1) >0
F2(x1 —y1)(vi — 1) +2(x2 — y2)(v2a — up) > 0

Ax—yl? Ax—yl? Alx—yl? 8|| Y|| > _
H /Bxl s S U 2 v1... . ;
Flxp=vi, vy = —ww,xp = va,v5 = wvy,. ](Xl ) +(x—y)>p

Proposition (Differential cut saturation)

C differential invariant of [x" = f(x) & H]P, then
[x =f(x)&H]P iff [xX' =f(x)&HAC|P

F—wwv +wu = —w(va — wp)
d(V1 LI1) I(vi—u1) __ Ow(xx—y2) —_ Ow(x2—y2)
H ( WV ) + ~om ( lWUQ) = : o V2 Dy, U2
. [V1 —wva, U] = —wun, X = o, v =wvy, . v — 1 = —w(xe — )
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» Differential Invariants & Differential Cuts

F20a —y1)(-wle — y2)) +2(0x — y2)w(xa —y1) >0
F2(x1 —y1)(vi — 1) +2(x2 — y2)(vo — tp) >0

Allx—yl? Allx—yl? Allx—=y? a|| yll > _
[ /8x1 vi+ =gt e + uo 2 v1... . .
Fx =w, V1 WV27X2 = V2, V2 = wvy, . ](Xl n)y+e—y) =p

[refine dynamics] [by differential cut]

F—wwv +wu = —w(va — wp)
d(v1 u1) I(vi—u1) __ Ow(xx—y2) — Ow(x2—y2)
F (—wva) + =57 ( lwuz) Sl Vo e, u
. [V1 —wva, U] = —wun, X = vo, Vb =wvy, . v — up = —w(xe — o)
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@ Summary
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Differential Invariants for Differential Equations

Differential Invariant Differential Cut Differential Ghost
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QF [x :=f(x)](F)
FF [x'=1f(x)&Q|F

FEIX =f(x)&Q]C FI[xX =f(x)& QA C]F
Ft [x =1f(x)&Q|F

Differential Ghost
Fodye GRIX=1f(x),y =g(xy)&QlG
FE[x=1f(x)&Q|F

if new y' = g(x,y) has a global solution
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