15-424/15-624/15-824 Recitation 2
Logic and transition relations

1. Announcements

e Theory 1 and Lab 1 are released on the course web page.

e The course schedule has been updated. BetaBot labs are now due on Fridays
before recitation and you may not use late days for BetaBots!

e Theory 0 is now graded. Please see Nathan if you haven’t received your graded
Theory 0.

2. Motivation and Learning Objectives

Safety properties of Cyber-physical Systems are often stated in terms of reachability —
“starting from an initial safe state, every state the system can reach satisfies a safety
property”. This informal prose translates into a dC formula of the form

Y — [a]
where

e ¢ describes initial state(s) of the system,

e o is a hybrid program describing the behavior of the system, and

e ¢ is the safety property.
In order to give a formal and unambiguous meaning to formulas of this form, we need to
describe in a mathematically rigorous way what it means for a state w to be reachable
from an initial state v by a hybrid program «. This recitation presents a transition

relation for hybrid programs and a diagrammatic representation of the transition
relation that serves this purpose.

By the end of this recitation, you should:

(a) Know how to draw the transition diagram corresponding to a hybrid program.

(b) Know how to write down the hybrid program corresponding to a transition dia-
gram.

(¢) Know how to avoid common modeling mistakes that occur when a hybrid program
has an empty transition relation.

(d) Identify sources of non-determinism in hybrid programs.
(e) Understand the transition relation for hybrid programs.

We will also cover some basic facts about the KeYmaera X system that you need to
understand for Lab 1.



3. Reminder: satisfiability and validity
Let ¢ be a formula. Recall that ¢ is

e Satisfiable if there is a state v such that v = ¢.

e Valid if that for all v, v |= ¢

e Fulsifiable, or not valid, if there is a v such that v [~ ¢
e Unsatisfiable if there is no v such that v = ¢

Notice how these notions critically depend on v, which states the initial values for
variables. So, if we look at simple formula x < y, then to figure out whether it is valid,
satisfiable or unsatisfiable we simply try to find a state — an assignment of variables —
that satisfies or falsifies it.

In this case, x > y is satisfiable but not valid. That’s because if we consider the state
v={x— 2,y 1}, then v = = > y, but we can also find w = {z — 1,y +— 2} where
wlE T >y

How do quantifiers affect satisfiability and validity? Let’s change our formula to Vz.z >
y. The semantics state that

vEVYrr>yiffvg—d Ex >y foralld e R

Really, the quantifier is overwriting whatever value v originally assigned to z. The
same happens for the existential quantifier!

viEdJrax >yiff vz — d Ex >y for somed e R

Is this existential formula dx.x > y satisfiable? It is, because we can find an assignment
of variables, like v = {z + 1,y — 2} that satisfies it. Even though v [~ = > y, the real
question, because of the quantifier, is whether we can overwrite x with a new value
that is larger than y. The answer is yes, since we can choose x to be 3.

Now imagine that there aren’t any free variables, i.e. that all variables are quantified,
like for example:

v = Ve Vy.o(z,y)

Above, ¢(z,y) is any formula that depends on x and y. This formula can never be
satisfiable but not valid. That’s because it doesn’t really matter what the initial values
v assigns to variables, since they will always be overwritten by the quantifiers.

So formulas without free variables are always either valid or unsatisfiable.



Notation for State Updates

A fundamental operation in the semantics of differential dynamic logic is up-
dating the value of a single variable in a state v. In this course we’ll use
both v[x + d] and v? to denote this operation. Both of these notations
means the same thing — “v except that the value of z is d instead of its
previous value”. For example, if v = {z — 2,y — 1,z — 22.4523} then
Vi=vjz—d={rw—dy— 1,2 224523}

T

4. Transition Diagrams

Hybrid programs are given meaning by defining a transition relation, which is a function
that describes how hybrid programs change state.

Transition diagrams are a graph-like representation of transition relations. Two nodes
v and w of a transition diagram are connected by an edge labeled with o whenever the
state w is reachable by executing the program « in state v.

Assignment and Sequential Composition For example, consider the program:

r:=5r:=x+1

The transition diagram corresponding to this program is

No matter what value x has in state v (v = {x =7}), executing x := 5 in state v results
in a state where x = 5 (w = {x = 5}). Sequential composition of two hybrid programs
(c; B) is denoted in a transition diagram by first following all edges annotated with an
a and then all the edges annotated with 8. The double lines around the final state
(x = 6) indicate that this state is final; i.e., the state is reached after executing the
entire hybrid program. Note that the x = 5 state is intermediate, not final, because
x := x + 1 has not yet executed.

Choice Most hybrid programs have some amount of non-determinism — i.e., situa-
tions where multiple states are reachable by the same hybrid program from a given



initial state. Transition diagrams represent non-determinism using branching. For
example, consider a simple hybrid program that contains the choice operator:

r=—1Uzx:=1

The program will assign to x either the value —1 or the value 1. We give meaning to
non-determinism by allowing multiple states to be reachable via a hybrid program.

Iteration The choice operator (U) isn’t the only source of non-determinism in hybrid
programs. Recall that {z := x 4+ 1}* means “execute x := x + 1 zero or more times”.
So the transition relation for

a={r=x+1}"

should map the state {z = d} to:
e The state {x = d} (by executing z := = + 1 zero times) and
e The state {x = d + 1} (by executing x := x + 1 one time) and
e The state {x = d + 2} (by executing x := x 4+ 1 two times) and. ..
e (Hopefully you see the pattern now!)

The transition diagram corresponding to this program is:



Notice that all of the states are final.

Tests Test operations (?¢) either halt the program if the formula ¢ is not true, or
else allow the program to continue executing. In particular, the state never changes
when a test operation succeeds (or fails)! We can draw this in a picture using a self-loop
whenever ¢ evaluates to true:

7o

Note what happens when a test fails — the transition relation for o from state v will
contain no transitions! We’ll return to this in a later section.

Differential Equations Differential equations are a third source of non-determinism
in hybrid programs. Consider the program

a=72 =1&x < 10

starting in state z = O:



@D

The transition relation for differential programs includes all states that are reachable
by following the solution of the differential equation while staying within the evolution
domain constraint for all time. (There are quite a lot of states that aren’t explicitly
represented in this diagram!)

Putting it all together Consider the following program:
a=z:=1Ly:=0U(y:=12"=1& z <10)

If you think about starting in a specific state, 1, it’s not too hard to look at the
transition relation as if it was a tree.

In the tree above, each node is a state, and the two numbers inside each node are the
possible values for x,y, respectively. Notice how the tree doesn’t all have to be the
same depth: that’s because certain paths along the program are simply shorter!

There are three sources of non-determinism in hybrid programs:

(a) looping (a*),



(b) choice (a U f3), and
(c) differential equations (o)
The first two are called structural non-determinism and do not represent any

passage in time, while the final is a continuous choice that does represent passage in
time.

If you were to remove the domain of the differential equation, that transition would be
able to evolve for any duration.
. The Transition Relation

Now that we are comfortable with transition diagrams we are ready to give a more
formal description of the transition relation. Specifically, we want to define a function
of type

R:HP -V —2Y

where V is the set of all states and 2" is the powerset of V.

The transition relation maps states to sets of states because of non-determinism — the
program x := 1 U x := 2 possibly transitions to two states from a given state v, so
Rz :=1Ux:=2)(v) = {{z =1}, {z = 2}}.

The transition relation for non-differential programs is pretty straight-forward:

For differential programs, assume we have a solution ¢ : R>¢y — S to the wnitial value
problem, where initial values come from an initial state v. Starting from v, which
states will we be able to reach? The idea here is to follow the solution ¢ for as long as
possible, until we fail to satisfy H. As we evolve, we collect all the states that we’ve
been passing through and add them to the transition relation. Since the we allow the
differential equation to stop at any time, then any state we pass through could’ve been
an end state!

R(z' = f(z) & H)(v) ={p(t) : pisasol. A ©(0) =v AVo<,<s. @(r) = H}

So really, as long as we are along the ¢ path, we add our current location to the set of
end states as long as we’ve been within the domain H since the start!

. More Intuition about Tests and Formulas

Recall that [a]ep is satisfiable if there exists a state v such that
v = [o]e

7



where [a]p reads “g is true in any state that can be reached by executing a””. Now that
we have a transition semantics, we can be a little less hand-wavy about what exactly
[ is supposed to mean!

Let’s test this new understanding on a simple-looking formula:

[?2(z > 0)]1=0

Is this formula satisfiable? Surprisingly, yes! Suppose we choose the initial state to
be {x = —1}. Then ?(z > 0) has no transitions, and 1 = 0 is true in each of those
(zero) states! The rule behind this intuition is easy to remember: if R(«a)(v) = {}
then v |= [a]p must be true — it doesn’t actually matter what ¢ is. The situation is
analogous to the set constructions for recitation 1.

You can test this intuition by loading the following model into KeYmaera X:

ProgramVariables .
R x.

End.

Problem .
X =—-1—>

[
7x > 0;

] (1 =0)
End.

and execute the tactic:

master

This is a good time to explain the tactics we're having you turn in. So far you’ve
only worked with very simple models that automatically prove by pressing the “auto”
button or running the “master” tactic. But in the next couple of labs you’ll have to
build very large proofs. When building larger proofs you will find it very useful to
be able to write down proof scripts instead of pointing-and-clicking your way through
extremely long proofs (one mistake and you have to re-do 10 minutes of clicking!)

For each point-and-click GUI action there is a corresponding tactic action. You can
edit tactics in your favorite code editor and then copy/paste them into the web Ul's
tactic editor:

Untitled Proof P Auto  #Normalize 'O Step back =

Propositional ~ Quantifiers - Hybrid Programs ~ Differential Equations ~ Closing ~ Execute | +

‘Open Tactic Editor

= Unnamed Goal 1

rmo—

[?(x>0)]1=0




Clicking “Execute” in the editor will run your tactic. We'll teach you more about
tactic scripting in the next recitation. For lab 1, just remember that master is very
useful for simple models!

7. The Bouncing Ball

Recall the bouncing ball model from last lecture:

[{{z' = v, = —g,2 >0} ?2(x =0);2 := —cxv}*](x < H)

In recitation we identified many flaw in this model and discussed ways we might fix
those flaws:

e What if the ball was dropped from a height higher than H? (Add precondition:
r=Horx<H)

e What if the ball was thrown hard at the floor? (Add precondition corresponding
to the idea that between H and z;,;, there were no external forces aside from
gavity acting on the ball.)

e What if the ground is weird (trampoline? Nope. Maybe “double-bounced” on
a trampoline? Or maybe someone pushed up on the ball just as it reaches the
ground). Add precondition: 0 < ¢ <1

e What if the ball is being thrown down stairs? (H and 0 better be constant!)
e What if the ball is buried? (z > 0)
The point: modeling is subtle! Sometimes when you can’t prove a formula, it’s for a

very good reason! Conversely, it’s perfectly possible to prove properties about formulas
that don’t accurately model any sort of real-life scenario.

8. Always remember to check for an update by looking at the version info text
in the footer of every page on the KeYmaera X Web UI! We’ll be updating
often.

Don’t forget about Lab 1 and Theory 1! Office hours are posted on the course website.



