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Learning Objectives

Game Proofs & Separations

rigorous reasoning for adversarial dynamics
miracle of soundness

power of completeness

expressiveness

separations

axiomatization of dGL

multi-dynamical systems

game invariants

discrete+adversarial multi-scale feedback
continuous-+adversarial
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Differential Game Logic: Syntax

Differential
Equation

Discrete
Assign

Definition {Hybrid game «)

x=e|?2Q | X =f(x)]aUB|a;8|a* |’

Definition (dGL Formula P)

p(er,...,en) | e> €| P |PAQ|VYxP|3IxP| (a)P | [a]P

[ 1 LA
All Some | |Angel] |Demon
Reals | Reals J | Wins Wins l

TOCL'15
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Differential Game Logic: Denotational Semantics

Definition (Hybrid game «) [[]:HG — (p(S) — p(S))

ime(X) = {wes : Wl e x}
S (X) = {0(0) €S : o(r) € X, 22D () = [F(x)](C) for all ¢}
qe(X) = [QINX
aus(X) = a(X) Ugs(X)
ga;ﬁ(X) = §a(§ﬁ(X))
or(X) = (H{ZCS : XU (2)CZ}
6i(X) = (ca(XE))

Definition (dGL Formula P) [-1: Fml — ©(S)
[e2>e] = {weS : [a]w>[e]w}

[-P1 = (IPD)"
[PAQl = [PINIQ]
[(PT  = <allP])
[la]PT = da([P)
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Differential Game Logic: Axiomatization

1] []P ¢ —{a)=P M ﬁ
(=) (xi=edp(x) ¢ ple) L PVI0)@—Q
. (a*)P — Q
0= F)P e 30 i=ye)p
) 2Q)P & (Q A P) e
U (@UB)P & PV (3P o gV
() (@ B)P & (a)(B)P o
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Soundness

Theorem (Soundness)

dGL proof calculus is sound
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Soundness

Theorem (Soundness)

dGL proof calculus is sound

Do we have to prove anything at all?
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More Axioms

P—Q

K [a](P = Q) = ([o]P — [2]Q) 1 a]P = [0]Q
M (a)(PV Q) = ()P V () Q M ()P V {(a)Q — (a)(PV Q)
Il [a*](P — [a]P) = (P — [a*]P) vl Cly (P—[a]P) = (P—[a*]P)
B (w)3dxP — 3Ix ()P (x¢a) B ax ()P — (a)3x P
c P M P—Q

[a]P 1alP = [n]Q
R PinNP, - Q M PiAP, — @

[a]P1 A [a]P2 — [a]Q U a](Py A P = [0]Q

FA (a*)P — PV (a*)(=P A {(a)P)




More Axioms 777

P—Q

K [o](P— Q) = ([a]P — []Q) M, [lP = [a]@
M (a)(PV Q) = ()P V ()@ M ()P V {a)Q — (a)(PV Q)
X [a*](P — [a]P) — (P — [a*]P) vl Cly (P—[a]P) = (P—[a*]P)
B (a)3x P — 3x ()P (x¢a) B ax (a)P — (a)3x P
P M P—Q
[a]P 1alP = [n]Q
PinNP, - Q M PiAP, — @
[a]P1 A [a]P2 — [a]Q U Ta](Py A P = [0]Q

A (a*)P — PV (a*)(=P A {(a)P)
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Separating Axioms

Theorem (Axiomatic separation: hybrid systems vs. hybrid games)

Axiomatic separation is exactly K, I, C, B, V, G. dGL is a subregular,
sub-Barcan, monotonic modal logic without loop induction axioms.

P—Q

K [o](P— Q) = ([a]P — []Q) 1 a]P = [0]Q
M (@)(PV Q) = (a)PV ()@ M ()P V (a)Q = (a)(PV Q)
X [@](P = [a]P) — (P — [a*]P) vl Cly (P—[a]P) — (P—[a*]P)
B (a)3x P — Ix (a)P (xa) B Ix ()P — (a)3Ix P
P P P — Q

[a]P M falP S 1@

Pl/\Pz—)Q P1/\P2—>Q
[a]Py A [a]Ps — [a] @ M [a](P1 A Py) — [0]Q

A (a*)P — PV (a*)(=P A {(a)P)

André Platzer (CMU) 9 /24



Soundness

Theorem (Soundness)

dGL proof calculus is sound

Do we have to prove anything at all?
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Soundness

Theorem (Soundness)

dGL proof calculus is sound i.e. all provable formulas are valid

Axiomatics

Syntax Semantics
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Soundness

Theorem (Soundness)

dGL proof calculus is sound i.e. all provable formulas are valid

Proof.

(U) {@Up)P & (a)PV (B)P

() (e B)P < ()(B)P
[] [a]P & —{e)—-P

P—Q
M WP S @
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Soundness

Theorem (Soundness)

dGL proof calculus is sound i.e. all provable formulas are valid

Proof.
(U) [a U B)P] = <aus([P) = sa([P1) U ss([P]) = [(«) PT U
[(c)P Vv (B)P] (U) {@UB)P < (
() [a: B)PT = saip(IP]) = <alss(IP1) = <al(l(B) PT) = [{)(8) P]
() { B)P < () (B)P
[] is sound by determinacy [[] [a]P < —{a)-P
M Assume the premise P — Q is valid, i.e. [P] C [Q].
Then the conclusion (a)P — (a)Q is valid, i.e.

[{a) P] = sa([P]) € sa([Q]) = [{e) @] by monotonicity.

P—Q
M P S @
]
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The Miracle of Soundness

Soundness links semantics and axiomatics in perfect unison!

Compositional Soundness

@ Soundness: If P provable then P valid F P implies F P

e Condlitio sine qua non for logic

o Every formula that it proves with any proof has to be valid.

@ Fortunately, proofs are composed from axioms by proof rules.
Sufficient:

@ All axioms are sound: valid formulas. CADE'15
@ All proof rules are sound: take valid premises to valid conclusions.
Then

@ Proof is a long combination of many simple arguments.

@ Each individual step is a sound axiom or sound proof rule, so sound.

André Platzer (CMU) 11 /24
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The Miracle of Soundness
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Soundness & Completeness

Theorem (Completeness)

dGL calculus is a sound & complete axiomatization of hybrid games

relative to any (differentially) expressive logic L.
Eo iff Tauti ¢

TOCL'15
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Soundness & Completeness: Consequences

Corollary (Constructive)

Constructive and Moschovakis-coding-free. (Minimal: x' = f(x), 3, [@*])

Remark (Coquand & Huet) (Inf.Comput’88)

Modal analogue for (o*) of characterizations in Calculus of Constructions

Corollary (Meyer & Halpern) (JLACM'82)

F — () G semidecidable for uninterpreted programs.

Corollary (Schmitt) (Inf.Control.’84)

[«]-free semidecidable for uninterpreted programs.

Uninterpreted game logic with even 9 in () is semidecidable.

André Platzer (CMU) 13 /24



Soundness & Completeness: Consequences

Harel'77 convergence rule unnecessary for hybrid games, hybrid systems,
discrete programs.

Corollary (Characterization of hybrid game challenges)

o [a*]|G: Succinct invariants discrete N3
o [xX' = f(x)]G and (x' = f(x))G: Succinct differential (in)variants A}
e dx G: Complexity depends on Herbrand disjunctions: discrete N}

v uninterpreted v reals  x 3x[a*]G Ni-complete for discrete o

Corollary (Hybrid version of Parikh's result) (FOCS'83)

*-free dGL complete relative to dL, relative to continuous, or to discrete
9_free dGL complete relative to dC, relative to continuous, or to discrete

André Platzer (CMU) 14 / 24



Expressiveness

Theorem (Expressive Power: hybrid systems < hybrid games)

dGL for hybrid games strictly more expressive than dL for hybrid games:

df < dGL

“<" For every dC formula ¢ there is a dGL formula ¢ that is equivalent.

“#" Not the other way around.

TOCL'15

André Platzer (CMU) 15 / 24
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Expressiveness

Theorem (Expressive Power: hybrid systems < hybrid games)

dGL for hybrid games strictly more expressive than dL for hybrid games:

df < dGL

“<" For every dC formula ¢ there is a dGL formula ¢ that is equivalent.
Easy: same formula where Angel plays for nondeterminism.

“#" Not the other way around.
Hard: see proof.
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Expressiveness

Theorem (Expressive Power: hybrid systems < hybrid games)

dGL for hybrid games strictly more expressive than dL for hybrid games:

df < dGL

“<" For every dC formula ¢ there is a dGL formula ¢ that is equivalent.
Easy: same formula where Angel plays for nondeterminism.

“#" Not the other way around.
Hard: see proof.

Hybrid games are strictly more than hybrid systems. l

TOCL'15
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Example Proof: 2-Nim-type Game

x>0 (x:=x—1Nx:=x—-2))0<x <2
5 ke

» Fixpoint style proof technique

x>0 = (a*)0<x<2

André Platzer (CMU) 16 / 24



Example Proof: 2-Nim-type Game
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Example Proof: 2-Nim-type Game

x>0 (x:=x—1Nx:=x—-2))0<x <2
5 ke

» Fixpoint style proof technique

U5 Wx (0<x <2V (@) () 0<x<2 — (a*)0<x<2) — (true — (a*)0<x<2)
(*),V.MP

true — (a*)0<x<2

R x>0 — (a*)0<x<?2
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Example Proof: 2-Nim-type Game

x>0 (x:=x—1Nx:=x—-2))0<x <2
)] ke
~ Y
() Vx (0<x<2 V (a)p(x) — p(x)) — (true — p(x))
U5 Wx (0<x <2V (@) () 0<x<2 — (*)0<x<2) — (true — (a*)0<x<2)
(). MP true — (a*)0<x<2
R

x>0 = (a*)0<x<2
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Example Proof: 2-Nim-type Game
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Example Proof: Hybrid Game

(x=1x"= 1‘1U&<:=x—l)*)O§x< 1

TV TV
B il
N —_— .
(0%
&) true — (a*)0<x<1
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Example Proof: Hybrid Game

(x=1x"= 1‘1U&<::x— l)*)O <x<1
) ke
N ~- .
v Vx (0<x<1V{a){a®)0<x<1 — (a*)0<x<1) — (true — (a*)0<x<1)
&) true — (a*)0<x<1
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Example Proof: Hybrid Game

(x=1x"= 1‘1U£<:=X—l)>k>0§X< 1

) ke
N ~- .
w Vx (0<x<1V (BU7)p(x) = p(x)) — (true = p(x))
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Example Proof: Hybrid Game
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Example Proof: Hybrid Game

(x=1x

X = ldlU£<::x—l)*)O§X< 1
E TV

Y

[\

~~
(0%

» Fixpoint style proof technique

8 Vx (0<x<1V (x:=1)~(x" = 1)=p(x) V p(x—1) = p(x)) — (true — p(x))
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Example Proof: Hybrid Game

(x=1x"= 1dlU£<::x—l)*)O§X< 1

[\

>4

» Fixpoint style proof technique
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Example Proof: Hybrid Game
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N “ 7
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Example Proof: Hybrid Game
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N “ 7
R Vx (0<x<1VVt>0p(1+ t) V p(x — 1) = p(x)) — (true — p(x))
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vs Vx (0<x<1V{a){a™)0<x<1 — (a*)0<x<1) — (true — (a*)0<x<1)
&) true — (a*)0<x<1

André Platzer (CMU) 17 / 24



© Differential Hybrid Games
@ Syntax
o Example: Zeppelin
@ Differential Game Invariants
@ Example: Zeppelin Proof
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CPSs are Multi-Dynamical Systems

CPS are characterized by multiple
facets of dynamical systems.

CPS Compositions Tame Parts
CPS combine multiple Exploiting compositionality
simple dynamical effects. tames CPS complexity.
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Differential Game Logic: Syntax

Repeat || Dual

Choicel| Seq.

Discrete
Assign

Definition (Differential hybrid game «)
x=e|?7Q | X =f(x,y,2)8ycY&zecZ|aUB|a;B|a*|a?

Definition (dGL Formula P)
e>é&|-P|PAQ|VxP|3IxP| ()P |[a]P

A R
All | Some | |Angel Demonl
Reals Reals } | Wins Wins

arXiv
19 / 24
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Differential Game Logic: Syntax

Repeat || Dual

Choicel| Seq.

Differential
Game

Discrete
Assign

Definition (Differential hybrid game «)
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Differential Game Logic: Syntax

Repeat || Dual

Differential Choicel| Seq.

Game

Discrete
Assign

Definition (Differential hybrid game «)
x=e|?7Q | X =f(x,y,2)8ycY&zecZ|aUB|a;B|a*|a?

Definition (dGL Formula P)

ZE|-P|PAQ|VxP|3IxP| {(a)P | [a]P

Demon controls y € Y / I \ \

Angel controls z € Z All Some|] |Angel|l |Demon
Angel knows Demon's y Reals Reals } | Wins Wins

Angel controls duration

arXiv
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Zeppelin Obstacle Parcours

avoid obstacles
changing wind
local turbulence

-

—_

-

—_

-

—_

arXiv
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Zeppelin Obstacle Parcours

avoid obstacles
changing wind

7 local turbulence

arXiv
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Zeppelin Obstacle Parcours

c>0A|x—o|?>c—
[(v::*;o::*;c::*;?C;
(X' =v+py+rz&y c B&z € B}
) Tlx —ol* > ¢

v airship at x € R?

v propeller p controlled in any direction y € B, i.e. y? + y2 <1
x sporadically changing homogeneous wind field v € R?

x sporadically changing obstacle o € R? of size ¢ subject to C

x continuously local turbulence of magnitude r in any direction z € B
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Differential Game Invariants
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differential game logic /’D<'3
dGL = GL + HG = dL + ¢ s 390

o Logic for hybrid games

@ Compositional PL + logic

@ Discrete + continuous + adversarial
@ Winning region iteration ZwICK
@ Sound & rel. complete axiomatization

@ Hybrid games > hybrid systems

~
<
4
2
9
1]
@

nondet

e 9 radical challenge yet smooth extension
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Proving Repetitive Diamonds by Convergence

con

M- {(a*Q,A

x>0—={(x:=x-1)")x<1
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