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Learning Objectives

Control Loops & Invariants

rigorous reasoning for repetitions
identifying and expressing invariants
global vs. local reasoning

relating iterations to invariants
finitely accessible infinities
operationalize invariant construction
splitting & generalizations

control loops semantics of control loops
feedback mechanisms operational effects of control
dynamics of iteration
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© Loops of Proofs
@ Iterations & Splitting the Box
@ lteration & Generalizations
@ Loop Invariants
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Proofs for Loops

] [a*]P < P A [o][a*]P
P A[a][e*]P . P
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Loops of Proofs: lterations

[*] [a*]P <> P A [a][a*]P

At [o*]B
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Loops of Proofs: lterations

[*] [a*]P <> P A [a][a*]P

Al B A a][a*]B
AF [o*]B

("]
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Loops of Proofs: lterations

[*] [a*]P <> P A [a][a*]P

A BA[](B A [o][a*]B)

At BAla][a*]B

At [o*]B




Loops of Proofs: lterations

[*] [a*]P <> P A [a][a*]P

At BA[e](BAla](B Ala]le*]B))
AF B A[a](B A [a][a*]B)
Al B A a][a*]B

At [o*]B




Loops of Proofs: Iterations & Splitting the Box

[*] [a*]P <> P A [a][a*]P

(17 Te](PAQ) < [a]P ALe]@

At BA[a]B A [a][a](B A [a][a*]B)
AF BA[a](BA[a](BA[a][ef]B))
AF B A [a](B A[a][a*]B)

Ak B A a][a*]B

At [o*]B




Loops of Proofs: Iterations & Splitting the Box

[*] [a*]P <> P A [a][a*]P

(17 Te](PAQ) < [a]P ALe]@

At B A[a]B A [a]([a] B A [a][a][a*]B)
At BA[a]B A [a][a](B A [a][a*]B)
At BA[e](BAla](B Ala]le*]B))

AF B A [a](B A[a][a*]B)
Al B A a][a*]B

At [o*]B




Loops of Proofs: Iterations & Splitting the Box

[*] [a*]P <> P A [a][a*]P

(17 Te](PAQ) < [a]P ALe]@

A B A[a]B A [a][a] B A [a][a][a][e*] B
AF B A[a]B A [a]([a] B A [a][a][a*]B)
At BA[a]B A [a][a](B A [a][a*]B)
At BA[a](BA[a](B Ala]le*]B))
AF B A [a](B A[a][a*]B)

Ak B Aa][a*]B

At [o*]B




Loops of Proofs: Iterations & Splitting the Box

[*] [@*]P < P A [a][a*]P
A [a](PA Q) < [a]P A [a]@

AFB AF[a]B At [o][a]B Al [a]la]la][a*]B

Sf At BA[a]B A [a][a] B A [a][a][a][a*] B
0 AE BA[a]B A [a]([e]B A [a][a][a*]B)
In At BA[a]B A [a][a](B A [a][a*]B)

) At BA[a](BA[a](B Ala]le*]B))
o AF B A[0](B A [a][o*]B)

- AF B Afa][a*]B

. AF [«"]B




Loops of Proofs: Iterations & Splitting the Box

[*] [@*]P < P A [a][a*]P
A [a](PA Q) < [a]P A [a]@

AFB AF[a]B At [o][a]B Al [a]la]la][a*]B

Sf At BA[a]B A [a][a] B A [a][a][a][a*] B
0 At B A[a]B A [a]([a] B A [a][a][*] B)
In At BA[a]B A [a][a](B A [a][a*]B)

) At BA[a](BA[a](B Ala]le*]B))
o AF B AJal(B A [a]a*]B)

- AF BA[a][a"]B

. AT [0']B
@ Simple approach .. .if we don't mind unrolling until the end of time

@ Useful for finding counterexamples
5/12
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Loops of Proofs: Iterations & Generalizations

'] [a*]P < P Ala]la”]P

At BA[a](BA[a](B A la][ef]B))
AtE B A[a](B A [a][a*]B)
At BA[a][a*]B

AF [o*]B




Loops of Proofs: Iterations & Generalizations

'] [a*]P < P Ala]la”]P

MF[a]@,A QFP

MR
e [o]P, A

A B

AT [](B  [a](B / [a][a"]B))
AE BA[o](BA[al(B A la][ef]B))
AtE B A[a](B A [a][a*]B)
At BA[a][a*]B

AF [o*]B




Loops of Proofs: Iterations & Generalizations

'] [a*]P < P Ala]la”]P

MF[a]@,A QFP

MR
e [o]P, A

Ak [a]h

JiE B A[a](B A [a][a*]B)
AT [0](B / [ol(B / [a][a"]B))
At BA[a](BA[a](B A la][e*]B))
AtE B A[a](B A [a][a*]B)
At B A [a][a*]B

At BMR

AF [o*]B




Loops of Proofs: Iterations & Generalizations

'] [a*]P < P Ala]la”]P

MF[a]@,A QFP

MR
e [o]P, A

s+ B

J F [a](BA[o][a*]B)
JiE BA[a](B A [a][a*]B)
AT [](B / [a](B / [a][a"]B))
AF BA [a](B Ala](B A [a][a*]B))
At BA[a](B A [a][a*]B)
A B Aa][a*]B

At o]k iR

At BMR

AF [o*]B




Loops of Proofs: Iterations & Generalizations

'] [a*]P < P Ala]la”]P

MF[a]@,A QFP

MR
e [o]P, A

Ji F [a] s

b+ BA[a][a*]B
S F [a](B A [o][a*]B)
Ji = BA[a](B A [a][a*]B)
At [a](B A [e](B A[e][e]B))
At BA[a](BA[a](B Ala][e*]B))
At BA[a](B A [o][e*]B)
At B A [a][a*]B

Ji F BvR

At o]k iR

At BMR

AF [o*]B




Loops of Proofs: Iterations & Generalizations

"] [@*]P < P A [a][a*]P

N-[a]Q,A QFP

MR
e [o]P, A

b =B

b+ [a][e*]B
b+ BA[a][a*]B

Ji F [a](B A [][a*]B)
JiE B A[a](B A [a][a*]B)

AT [0](B / [a](B / [a][a"]B))
At BA[a](BA[a](B Ala][ef]B))

At BA[a](B A [o][e*]B)
At B A [a][a*]B

J1 F [Oz]Jg AR

Ji F BvR

Ak [Oz]J1 AR

At BMR

AF [o*]B




Loops of Proofs: Iterations & Generalizations

'] [a*]P < P Ala]la”]P

MF[a]@,A QFP
e [o]P, A

bt [a])s
b F [a][a*]B

b+ BA[a][a*]B

Ji F [a](B A [][a*]B)
JiE B A[a](B A [a][a*]B)

AT [0](B / [a](B / [a][a"]B))
At BA[a](BA[a](B Ala][ef]B))

At BA[a](B A [o][e*]B)
At B A [a][a*]B

MR

b =B

J1 F [Oz]Jg AR

Ji F BvR

Ak [Oz]J1 AR

At BMR

AF [o*]B




Loops of Proofs: Common Generalizations

"] [@*]P < P A [a][a*]P

MF[a]@,A QFP
e [o]P, A

J Fla]J
J + la][e*]B
J F BA[a][e*]B
J F [a](B Ae][a*]B)

J F BA[a](B A [a][a*]B)
AT [0](B  [a](B / [a][a"]B))
At BA[a](BA[a](B Ala][ef]B))

At BA[a](B A [o][e*]B)
At B A [a][a*]B

MR

J =B

J Fla]d rr

J F BuRr

At la]d AR

At BMR

AF [o*]B




Loops of Proofs: Extracting a Proof Rule

J-B ] [a*]P + P A[a][a*]P
At [o*]B

MF[a]@,A QFP
[+ [a]P, A

J Fla]d
J F[a][a*]B
J F B A[a][a*]B
J F [a](B Ae][a*]B)

J F BA[a](BA [a][a*]B)
AT [](B / [al(B / [a][a"]B))
At BA[a](BA[al(B A la][e*]B))

At BA[a](B A [o][e*]B)
At B A [a][a*]B

MR

J B

J Fla]d rr

J F BMR

At [ald AR

At BMR

AF [o*]B




Loops of Proofs: Extracting a Proof Rule

At [o*]B
N-[a]Q,A QFP
MR M [a]P, A
A OF
JFlald ow J F la]la’]B

J F BA[a][e*]B
J F [a](B A e][a*]B)
J F BA[a](B A [a][a*]B)
At [a](B A [e](B Ae][e]B))
At BA[a](BA[al(B A la][ef]B))
At BA[a](B A [o][e*]B)
At B A [a][a*]B

J F Bur

At [ald AR

At BMR

AF [o*]B




Loops of Proofs: Extracting a Proof Rule

At [o*]B
N-[a]Q,A QFP
MR M [a]P, A
A OF
JFfa]d J I lo]lo]B

J F BA[a][e*]B
J F [a](B Ae][a*]B)
J F BA[a](BA [a][a*]B)
At [a](B A [e](B A[e][e]B))
At BA[a](BA[al(B A la][e*]B))
At BA[a](B A [o][e*]B)
At B A [a][a*]B

J F Bur

At [a]d AR

At BMR

AF [o*]B




Loops of Proofs: Loop Invariants

|
oop Al [o*]B

M-[a]Q,A QFP
Invariant J generalized M [F [o]P, A

intermediate condition

J Fla]d
J F[a][a*]B
J F B A[a][a*]B
J F [a](B A [a][a*]B)

J F BA[a](BA [a][a*]B)
AT [](B / [al(B / [a][a"]B))
At BA[a](BA[al(B A la][e*]B))

At BA[a](B A [o][e*]B)
At B A [a][a*]B
AF [a*]B

J B

J Fla]d rr

J F Bur

At [ald AR

At BMR

AR
("]
("]
[*]
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Proofs for Loops

] [a*]P < P A [o][a*]P
P A[a][e*]P . P
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Proofs for Loops

[] [a*]P < P A[a][a*]P

rFJA Jk[olJ JHP
[F [a*]P, A

loop
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© Operationalize Invariant Construction
@ Bouncing Ball
@ Safe Quantum
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Proving Quantum the Acrophobic Bouncing Ball

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
X'=.={xX=v,v=—-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

A |—j(x,v)

i X,V l_ X,V
Jov) F [X'=; (7x=0; vi=—cv U ?x7#£0]j(x,v) Jeen) F Blxw)

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

loop

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=—-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

Jxv) E [x"'=; (7x=0; vi=—cv U ?x#£0]j(x,v)

AF Jtow) [;]j(x,v) F [x"=; (?x=0; vi=—cv U ?x#£0]j(x,v)

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

j(x,v) F B(x,v)

loop

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
X'=.={xX=v,v=—-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

Jev) F [X'=][7x=0; vi=—cv U ?x#£0]j(x,v)
Jxv) E [x"'=; (7x=0; vi=—cv U ?x#£0]j(x,v)

AF Jtow) [;]j(x,v) F [x"=; (?x=0; vi=—cv U ?x#£0]j(x,v)

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

j(x,v) F B(x,v)

loop

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}

André Platzer (CMU) 8 /12



Proving Quantum the Acrophobic Bouncing Ball

. v
Jee F =ity Jixv) B [?x=0; vi=—cv U ?x#£0]j(x,v)

M_R Jxv) E [X"=][?x=0; vi=—cv U 7x#£0]j(x,v)
. Jxv) E [x"'=; (7x=0; vi=—cv U ?x#£0]j(x,v)
[ X,V ) [ X,V l_ B X,V
| AF Jtow) [']j(x,v) F [x"=; (?x=0; vi=—cv U ?x#£0]j(x,v) J6ov) Gov)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

Jxv) [?X=0; V2=—CV1j(x,v) A [?X#O]j(x,v)
JGov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

j(x,v) [ [X”:]j(x,v) U]

M_R Jov) B [X'=][7x=0; vi=—cv U ?x#£0]j(x,v)
. Jixv) E [x"=; (7x=0; vi=—cv U ?x#£0]j(x,v)
[ X,V ) [ X,V l_ B X,V
| AF Jtow) [']j(x,v) F [x"=; (?x=0; vi=—cv U ?x#£0]j(x,v) JGov) Cov)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv=0<xAx<H
X'=.={xX=v,v=-g&x >0}

André Platzer (CMU) 8 /12



Proving Quantum the Acrophobic Bouncing Ball

R Jxv) [?XZO; VZ:—CV]j(x,v) Jv) [?X#O]j(x,v)
. TERT Jxv) [?XZO; VZ:—CVIj(x,v) A [?X#O]j(x,v)
Jee =it 1] JGov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

M_R Jixv) E [X"=][?x=0; vi=—cv U 7x#£0]j(x,v)
. Jov) B [X"=; (?2x=0; vi=—cv U ?7x#£0]j(x,v)
o) [ i(xv) - B
| AE J(sz) [’]j(X,V) - [X”:; (?XZO, vi——cv U 7X7501](x,v) J(X,V) (X,V)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

_ JOav) [?XZO][VZ:—CV]j(X,v)
/\I’? Jv) [?XZO; VZ:—CV]j(x,v) Jxv) [?X#O]j(x,v)
. TERT Jv) [?XZO; VZ:—CVIj(x,v) A [?X#O]j(x,v)
Joo) B IX=LiGon) 1 JGov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

M_R Jixv) F [X"=][?x=0; vi=—cv U 7x7£0]j(x,v)
. Jov) F [X'=; (?2x=0; vi=—cv U ?x#£0]j(x,v)
o) [ i(xv) - B
| AE J(sz) [V]j(X,V) - [X”:; (?XZO, vi——cv U 7X7501](x,v) J(X,V) (X,V)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "1 B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

, Jxv), x=0F [v:i=—cv]j(x,v)
:_/.(x,v) + [?XZO][VZ:—CV]j(X,v)
/\I’? Jxv) [?XZO; VZ:—CV]j(x,v) Jv) [?X#O]j(x,v)
. TERT Jv) [?XZO; VZ:—CVIj(x,v) A [?X#O]j(x,v)
jen = =L 1 Jov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

M_R Jixv) E [X'=][?x=0; vi=—cv U 7x7£0]j(x,v)
. Jeov) F [X'=; (?2x=0; vi=—cv U ?7x#£0]j(x,v)
Oov) [ i(xv) - B
| AE J(sz) [V]j(X,V) - [X”:; (?XZO, vi——cv U 7X7501](x,v) J(X,V) (X,V)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

N Jxv), x=0 F j(x,—cv)
[:]j(x,v),x:O F [vi=—cv]j(xv)
. _/(x v) F [7X 0][V'_—Cv]j(x v)
_j(x v) F [?X 0; v: ——CV]j(x v) Jv) [?X#O]j(x,v)
Jv) [?X 0; v: _—Cvlj(x v) A [?X#O]j(x v)
Jov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

j(x,v) [ [X”:]j(x,v) U]

M_R Jixv) E [X'=][?x=0; vi=—cv U 7x7£0]j(x,v)
. Jeov) F [X'=; (?2x=0; vi=—cv U ?7x#£0]j(x,v)
Oov) [ i(xv) - B
| AE J(sz) [V]j(X,V) - [X”:; (?XZO, vi——cv U 7X7501](x,v) J(X,V) (X,V)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

] Jxv), x=0 F j(x,—cv)
'7 Jxv), x=0F [v:i=—cv]j(x,v)

Jeev) F [?x=0][v:i=—cv]j(x,v) . JOv), xZ#0 F jixv)
_j(x v) F [?X 0; v: ——CV]_[(X v) . Jv) [?X#O]j(x,v)
Jv) [?X 0; v: _—Cvlj(x v) A [?X#O]j(x v)
Jov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

j(x,v) [ [X”:]j(x,v) U]

M_R Jixv) E [X'=][?x=0; vi=—cv U 7x7£0]j(x,v)
. Jeov) F [X'=; (?2x=0; vi=—cv U ?7x#£0]j(x,v)
Oov) [ i(xv) - B
| AE J(sz) [V]j(X,V) - [X”:; (?XZO, vi——cv U 7X7501](x,v) J(X,V) (X,V)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

] J,v), x=0F j(x,—cv)
'7 Jxv), x=0F [v:i=—cv]j(x,v)

Jeev) F [?x=0][v:i=—cv]j(x,v) . J(xv), X#0 F jix,v)
_j(x v) F [?X 0; v: ——CV]j(x v) . Jv) [?X#O]j(x,v)
Jv) [?X 0; v: _—Cvlj(x v) A [?X#O]j(x v)
Jov) B [?x=0; vi=—cv U ?x#£0]j(x,v)

_j(x,v) F [X//:U(x,v ) Y]

M_R Jixv) E [X'=][?x=0; vi=—cv U 7x7£0]j(x,v)
. Jeov) F [X'=; (?2x=0; vi=—cv U ?7x#£0]j(x,v)
o) [ i(xv) - B
| Ak J(va) [V]j(X,V) - [X”:; (?XZO, vi——cv U 7X7501](x,v) J(X,V) (X,V)
oop

A [(x"=; (?2x=0; vi=—cv U ?x#0)) "] B(x,v)

A=0<xAx=HAv=0Ag>0A1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

AF J(x,v)

Jv) [X”=](j(x,v))
JOev), x=0F j(x,(=ev))
Jxv), x#0 F j(x,v)
Jx,v) F B(x,v)

A=0<xAx=HAv=0Ag>0AN1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

0<xAx=HAv=0Ag>0A1>c>0F jxv)
Jv) [{X/=V, V/=—g&X20}](j(x,v))

JOev), x=0F j(x,(=ev))

j(x,v),X?éO |—j(x,v)

JonFO<xAx<H

A=0<xAx=HAv=0Ag>0AN1>c>0
Bxv)y=0<xAx<H
X'=.={xX=v,v=-g&x >0}
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Proving Quantum the Acrophobic Bouncing Ball

i joev) V=0 [xi=H—§t2; vi=—gt] (x>0 — j(x,v))
. .j(X7V) F [X,:V, V,:—g&XZO]j(x,v)
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VR
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@ Is Quantum done with his safety proof?
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@ Oh no! The solutions we sneaked into ['] only solve the ODE/IVP if
x = 0, v = 0 which j(x,v) can't guarantee!
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@ Never use solutions without proof!  ~~ redo proof with true solution
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Quantum the Provably Safe Bouncing Ball

Proposition (Quantum can bounce around safely)

0<xAx=HAv=0Ag>0A1l=c—
[(X =v,v/ = —g&x>0;(?x = 0; vi=—cv U ?x # 0))](0 < xAx < H)

@requires(0 < xAx=HAv=0)
@requires(g >0Ac=1)
@ensures(0 < x A x < H)
{X'=v,vV =-g&x>0}
(?x = 0; vi=—cv U ?x # 0)) } "einvariant(2gx = 2gH — v> A x > 0)

Invariant Contracts

Invariants play a crucial role in CPS design. Capture them if you can. Use
@invariant contracts in your hybrid programs.

Note: constants ¢ = 1A i > (0 that never chanie are often elided
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Invariants

The lion's share of understanding comes from understanding what does
change (variants/progress measures) and what doesn't change (invariants).

Invariants are a fundamental force of CS

Variants are another fundamental force of CS
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