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1 �e Rules

Recall that le� rules correspond to “upside down elimination rules” and that right rules correspond to introduction rules.

Γ,A ∧ B,A =⇒ C
Γ,A ∧ B =⇒ C

∧L1
Γ,A ∧ B,B =⇒ C
Γ,A ∧ B =⇒ C ∧L2

Γ =⇒ A Γ =⇒ B
Γ =⇒ A ∧ B ∧R

Γ,A ∨ B,A =⇒ C Γ,A ∨ B,B =⇒ C
Γ,A ∨ B =⇒ C ∨L Γ =⇒ A

Γ =⇒ A ∨ B
∨R1

Γ =⇒ B
Γ =⇒ A ∨ B ∨R2

No >L. Γ =⇒ >
>R

Γ,⊥ =⇒ C ⊥L No ⊥R.

Γ,A ⊃ B =⇒ A Γ,A ⊃ B,B =⇒ C
Γ,A ⊃ B =⇒ C ⊃L

Γ,A =⇒ B
Γ =⇒ A ⊃ B ⊃R

Γ,A =⇒ A id

2 Some Example Proofs

Task 1. · =⇒ A ⊃ A

Solution 1:
A =⇒ A id

· =⇒ A ⊃ A ⊃ R

Task 2. · =⇒ A ∧ B ⊃ B ∧ A

Solution 2:
A ∧ B,B =⇒ B id

A ∧ B =⇒ B ∧L2
A ∧ B,A =⇒ A id

A ∧ B =⇒ A
∧L1

A ∧ B =⇒ B ∧ A ∧R

· =⇒ A ∧ B ⊃ B ∧ A ⊃ R

Task 3. · =⇒ (A ⊃ (B ∧ C)) ⊃ (A ⊃ B)

Solution 3:

(A ⊃ (B ∧ C)),A =⇒ A id
(A ⊃ (B ∧ C)),A,B ∧ C,B =⇒ B id

(A ⊃ (B ∧ C)),A,B ∧ C =⇒ B
∧L1

(A ⊃ (B ∧ C)),A =⇒ B ⊃ L

(A ⊃ (B ∧ C)) =⇒ (A ⊃ B) ⊃ R

· =⇒ (A ⊃ (B ∧ C)) ⊃ (A ⊃ B) ⊃ R

Task 4. · =⇒ (A ⊃ B ⊃ C) ⊃ B ⊃ A ⊃ C
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Solution 4:

A ⊃ B ⊃ C,B,A =⇒ A id
A ⊃ B ⊃ C,B,A,B ⊃ C =⇒ B id A ⊃ B ⊃ C,B,A,B ⊃ C,C =⇒ C id

A ⊃ B ⊃ C,B,A,B ⊃ C =⇒ C ⊃L

A ⊃ B ⊃ C,B,A =⇒ C ⊃L

A ⊃ B ⊃ C,B =⇒ A ⊃ C ⊃R

A ⊃ B ⊃ C =⇒ B ⊃ A ⊃ C ⊃R

· =⇒ (A ⊃ B ⊃ C) ⊃ B ⊃ A ⊃ C ⊃R

Task 5. · =⇒ (A ⊃ B) ⊃ ((A ∧ C) ⊃ (B ∧ C))

Solution 5:

(A ⊃ B), (A ∧ C),A =⇒ A id

(A ⊃ B), (A ∧ C) =⇒ A
∧L1 (A ⊃ B), (A ∧ C),B =⇒ B id

(A ⊃ B), (A ∧ C) =⇒ B ⊃ L
(A ⊃ B), (A ∧ C),C =⇒ C id

(A ⊃ B), (A ∧ C) =⇒ C
∧L2

(A ⊃ B), (A ∧ C) =⇒ B ∧ C ∧R

(A ⊃ B) =⇒ ((A ∧ C) ⊃ (B ∧ C)) ⊃ R

· =⇒ (A ⊃ B) ⊃ ((A ∧ C) ⊃ (B ∧ C)) ⊃ R

3 Cuts

As a reminder, the cut theorem is as follows: If Γ =⇒ A and Γ,A =⇒ C, then Γ =⇒ C, where A and C are arbitrary
propositions.
In class, we saw portions of the proof of admissibility for the cut rule.

Task 6. Finish the case for the proof of admissibility of cut where E ends in ⊃ R, and A is not the principal formula of the
last inference in E.

Solution 6: We have that
D = Γ =⇒ A

and

E =

E1
Γ,A,C1 =⇒ C2

Γ,A =⇒ C1 ⊃ C2
⊃ R

C = C1 ⊃ C2

Γ,C1 =⇒ A

Γ,C1 =⇒ C2

Γ =⇒ C1 ⊃ C2

this case
weakening ofD
IH on A, weakening ofD, and E1

by rule ⊃ R on above

Task 7. What would the derivationsD and E look like if we wanted to do the same case as above, but with ⊃ L instead of
⊃ R as the last derivation in E?

Solution 7:
D = Γ =⇒ A

E =

E1
Γ′,B1 ⊃ B2,A =⇒ B1

E2
Γ′,B1 ⊃ B2,A,B2 =⇒ C

Γ′,B1 ⊃ B2,A =⇒ C ⊃ L
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